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1.

Introduction

The method of lines (MoL) which is a special finite difference

method has been proved to be especially suited for the analysis of
wave propagation in multilayered waveguide structures. In general the
MolL: was introduced to solve partial differential equations in differ-
ent fields of science [1]. In the author’s group the MoL was used for
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the analysis of the wave propagation in waveguides for microwave in-
tegrated circuits [2]. Then the MoL was systematically developed for
multilayered microwave and millimeter wave structures [3-5]. With the
paper [6] the background was given for the analysis of waveguides for
integrated optics [7,8].

To analyze longitudinal inhomogeneous optical waveguides the
most efficient method is the beam propagation method (BPM) intro-
duced by Feit and Fleck [9].

An important condition for the development of a propagation al-
gorithm based on the MoL was the introduction of absorbing boundary
condition [10] into the MoL by the author {11]. Examples of applica-
tion are demonstrated in [11-14]. Further details of ABCs for the MoL
are given in [15]. An improved approach is described in this article.
An alternative possibility to handle the radiated field was introduced
by G. R. Hadley. He has developed the so called transparent boundary
conditions [16,17] which are very important especially for FD-BPM
algorithms. ,

The first 2D-MoL-BPM solution that means for slab guides as an
exact eigenmode solution was used by Gerdes [11]. This is a specialized
formulation of the general solution given for inhomogeneous dielectric
layers in [3,6]. The 3D algorithm introduced by the author was first
demonstrated at the IPR in 1990. Both algorithms are published in [18].
The MoL-BPM is an inherent algorithm based on eigenmode expansion
not only of guided modes but also of radiation modes. Also in the case
of the split step algorithm eigenmodes are used for the propagation in
the reference medium [19]. The MoL-BPM has also been extended to
reflected waves [20]. Special algorithms are developed e.g. for curved
waveguides [21]. This paper also gives the principle of the algorithm
for the vectorial MoL-BPM.

In this contribution the MoL-BPM algorithms are described in a
unified form. Only some typical numerical results will be presented.
For the other results the reader may be referred to the literature.

2.  Analysis

2.1 Basic Equations

The cross sections of optical waveguides are inhomogeneous ac-
cording to the material. Figure 2.1 shows a strip loaded slab guide as
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example. The refractive index n or the permittivity e is a function
of both coordinate directions z and y of the cross section

& = er(2,Y) | (2.1)

l-—»x

y air rm—l (n =1) ;

{ buffer layer e.g. InP (n,=3.17))
\ slab e.g. InGaAsP (n,=3.38)\

s substrate  e.g. InP (n,=3. 17)i

Figure 2.1 Strip loaded slab guide.

To calculate the electromagnetic field we therefore follow the way de-
scribed by Collin [20]. The magnetic field will be determined by the
curl of the magnetic potential II

nH =jk;'V x II (2.2)

where ko and 79 are the wave number and the wave impedance of
free space. Different from [20] we assume, that the vector IT has two
components, one in z and the other in y direction

II :¢eax+¢hay (2'3)

according to the z and y dependence of the permittivity. @, and
a, are unit vectors in z and y directions respectively. The magnetic
potential has to fulfill the wave equation

VI - (Ve)V - T 4 k2T =0 (2.4)

With the scalar potentials ¢ and ¢, from Eq. (2.3) we obtain two
coupled scalar wave equations

24
Ape — €7 5% B + erkyde =€, 3z By (2.5)
_ 19590 |2y 106 0%
Adn — € By By + €rkgdn =€, 3y Bz (2.6)
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The electric field may be derived from II by
E =52V x V x I (2.7)

Because ¢, E is obtained with the curl operator from a vector field
the Maxwell’s equation divD = 0 is automatically fulfilled. This is
an important advantage of the used formulation. The components of
the field are given by

6
.09,
noHy =j a_e
8¢h ad’e
moHz = OF oy
2 2 2 (2.8)
oB T P03

0% 32¢h 8%¢n

“By ooy 0@ o7
“ozo7 | ooz

In these equations we have used normalized coordinates: T =
kox, T = koy, Z = koz . Scalar equations are obtained by ¢. = 0 or
¢n = 0. According to the z direction we obtain quasi TE modes with
e # 0, ¢r =0 and quasi TM modes with ¢, = 0, ¢, # 0. The scalar
wave equations for these modes are

2
%d’e + fr% < o1 0 ¢e) %2 d’e + €r¢e =0 (2.9)

0? b 0 0
ﬁ@: + 3_E§¢h + 51‘5.5 <6:13—§¢h) + & ¢p =0 (2.10)

Both partial differential equations are of the Sturm-Liouville type.
They allow to take into account the field behavior at steps of dielectric
constants in a simple way. This formulation is particularly advanta-
geous because it is self-adjoint [6].
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2.2 Discretization

In the Method of Lines we discretize the equations, but not com-
pletely as in finite difference methods. We discretize only as long as
necessary. If we discretize in £ and y directions, ordinary differen-
tial equations are derived from the partial differential equations. Then
from these equations we obtain analytical solutions on discretization
lines in 2 direction, the main direction of propagation. From the fact
of the analytical solutions on discretization lines the method has its
name. Figure 2.2 shows the principle of the discretization. The figure
shows that two separate line systems are used for ¢. and ¢y . There
are several reasons for this. One of them are the boundary conditions
at the walls which are dual to each other for the two potentials. The
shifting of the two line systems has still more advantages:

e the continuity conditions on permittivity steps are fulfilled very
easily

e it reduces the discretization error in the case of the vector algo-
rithm

e it results in an easy quantitative description

h
x
- x (1) l—f N
Ta "o 0o 0o o 0 o ¢
y 1+ + + + + + + ]:h’
(k)() o ©O o O ¢
A o t ° vt oDiscretization points for ¢: EK,Hy
[ )
+ s
<>3+ o * o * o * o * ° + ° b +Discretization points for &: Hx. Ey
+ 4+ + + + + + 56 26
° 09 ADiscretization points for 5;* or a—ih : H,
NJ; + 4+ o+ 4+ 4L (one point as example)
& o o o o0 o000 q 36 a0
et DODiscretization points for a—; or 53-}‘ : E,
1 ——L—ll I —= (one point as example)

Figure 2.2 The position of the discretization points.
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As example we choose the TM case. In the case of Fig. 2.2 the cross
section could be divided into three parts. The lines for ¢, are linearly
numbered by

n=k+({i-1)N} 1<i<N! 1<k<N! (2.11)

i and k mark the position of alinein z and y direction respectively.
The potentials on that lines are collected in a vector ¢ of the length
N;‘N;‘ . In a general cross section each column of discretization points
marked by i has a different permittivity distribution

€rn = €rn(Ynk) (2.12)

The discrete permittivities in a column 7 are collected in a diagonal
matrix €}, , where

€r, =diag(ein(ynk))  k=1,2,.., N} (2.13)

In the case where an interface between two different regions is part of
the column, arithmetic mean values of the two permittivities besides
the interface have to be introduced in this matrix as will be shown in
section 2.4. The matrices €%, for all i form the diagonal matrix

&.n = Diag(el;) i=1,2,..,N} (2.14)

of permittivities for the whole cross section. For a slab guide with
€,, = €4 for all i the Eq. (2.14) may be written as

Ern=1"0 e (2.15)

where ® denotes the Kronecker product and I'” is the identity matrix
of the order N2,

The first order partial differential quotients are approximated by
the potential differences of neighbored lines and are valid between the
lines. For each column (or for every zp;) therefore we may write a
vector with the first derivatives at points yp,_1 = (k — 3)hy, k =

1,2,.., N} +1

B - t b

) & =bh -a A
-1 -1 1
p90n(zn) -1 —_
v ay ) g
-1 1
-1]1 ey by -oy ¢;;N;‘
D, - 4 (2.16)



MoL-BPM method of lines based beam propagation method 57

or with hy = kohy

— Of ‘

h. 7?& — Dy ¢} (2.17)
The difference operator Dy is obtained as a modified difference op-
erator D, with

Bho =(1 — a1)Bh; + bidhs + 183 (2.18)
g1 =(1 = aN)Dhny + INGhnp_y + ONBhnp_2  (2:19)

where the constants a,an, b1, bn,c1,en have to be determined later
in the section about the absorbing boundary conditions. The inter-
pretation of the Eqgs. (2.18) and (2.19) is as follows: the field outside
the calculation window (linearly) depends only on the field inside the
window, because we have sources only inside the window.
The difference expressions for the second order partial differential

quotients may now be given as
ﬁi%

ay2
where superscript ¢ means transpose. For our Sturm-Liouville par-
tial differential equation (2.10) we need the difference operator for the
special Sturm-Liouville term. We obtain

—-D.Di¢}=—-Py¢} (2.20)

VT oy a7

Note that the diagonal permittivity matrix between the difference op-
erators is different from €}, . €},  at the discretization points o (see
Fig. 2.2) is given by

w2 0 0¢; i i y- i i 4
Fye —(e:l—‘bﬁ) — el Di(ehy) I Dyl = —Piugh (221)

eihe = diag (Ef‘h(yh,k—%)) k= 1, 2, ceey N; +1 (2.22)

and has one component more in the diagonal as €, . As will be shown
later, the value for ¢, in this matrix at a point with permittivity step
has to be chosen as arithmetic mean value of the two permittivities on
both sides of the step. .

Now we construct the difference operator P, for the complete

vector ¢, :

P

Py, =Diag(Pl) i=1,2..NP (2.23)
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which also may be written in the following form

-~

" At NG
Pyh= ethyerheDy

with . ¢ . . s .
D,=I;®D, Dy=Iz®D;

For a slab guide with PL,, = Py, for all i Eq. (2.23) may be written

as .
Pu=Ito P, (2.24)

The difference operators for the partial derivatives in 2 direction may
be written as follows

-~

Py, = Py I} (2.25)

with
P, = DD} (2.26)

or

P = Diag( P, ® I;“) l=1,..,L (L= number of layers)
(2.27)
in the case where different absorbing boundary conditions are used
in the different layers. I ; is the identity matrix of the order of the
number of discretization points in y direction in the layer.
Now the discretized wave equation reads as follows

d2
dz2

In the quasi TE case the discretization can be done in a dual way that
means the sequence of the difference operators D* and D® changes.
Because we have now a Sturm-Liouville differential quotient according
to the z direction the discretization of the permittivity profile should
be performed in such a way that the discretized profile could be com-
bined with the differential operators in z direction. But this is not
a necessary condition. Sometimes it may be practical to combine one
part of the permittivity with the differential operator for the z direc-
tion and the other part with that for the y direction. Especially for
the medium with

&h“ﬁ;2pmh$h_ﬁ;2i)yh$h+érh&hz0 (2'28)

& = €, (Z) + €, (y) (2.29)
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the first term should be combined with P and the second term with
P, . This allows a decoupled transformation for both directions with
much smaller numerical effort as will be shown in the next section.

Finally it should be mentioned that metal strips may be incor-
porated in the analysis. If they are ideal, this can be done in the
well known way for the construction of the difference matrices for the
Dirichlet- or Neumann condition, respectively. But now the conditions
have to be incorporated in the middle of these matrices. Not ideal metal
strips with finite thickness may be handled as dielectric with complex
permittivity [5].

2.8 Transformation for Diagonalization and Solution

Because the matrices P, and i’y in Eq. (2.28) are not diagonal
the potentials are coupled with each other and the wave equation can-
not be solved in this form. For diagonalization we use a transformation
in two steps. In the first step we diagonalize the matrix P, . This will
be done by the transformation of the potential

-

¢ =Ty¢ (2.30)
where
PR, PN =2
T, P,T,= A, (2.31)
and

et

e ——D

Because f’; is block diagonal, the solution of (2.31) is also block

diagonal

22 o
2, =Diag(X}) (2.32)
T, =Diag(T:) (2.33)
where . .
T PyTyu=x i=12.,N; (2.34)
and

w— ...___2 . .

P,=h,"P, - €,
Therefore in a general case N, eigenvalue problems of the order N,
must be solved. But in most cases only some different matrices Py;
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exist. In the case of the cross section in Fig. 2.2 in each of the regions
I, 1T or III we have only one typeof P, .In addition we have different
types for the columns which separate the regions.

The second transformation is defined by

. -~

¢=T.¢ (2.35)
and ot e o 2

T, (hy Ty P:Ty+A,)T,= A (2.36)
In the case where Eq. (2.24) or Eq. (2.29) is valid, also Eq. (2.36)
becomes simpler:

A+, =X (2.37)
with
22 9
Az =2, Iy
T, =T.®I, (2.38)
TP, T, =X
or

RAT'PET, =X

respectively. P¢ is constructed in an analog manner from P, and
€r1(z) as Py from Py, and €,5(y). This last result is the same as
in [16] for the basic medium.

It is clear that the diagonalization can also be done in one step.

<2
With A from Eq. (2.36) or (2.37) (or from the one step diago-
nalization solution) the wave equation reads

d2 =2 a2 ==
ﬁ‘”"* $=0 (2.39)
with the solution . -
¢ =730 (240)

for propagation in +z direction and where I' = X is the diagonal
matrix of normalized propagation constants. To obtain the field (or the
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potentials) in the original domain inverse transform according to Egs.
(2.30) and (2.35) must be performed.

2.4 Interface Conditions at Permittivity Steps

As described in the section 2.2 we put the discretization points
for ¢n on the interface line at permittivity steps in horizontal or z
direction (interface line in vertical direction) and we put the discretiza-
tion points for ¢, on the interface line at permittivity steps in vertical
or y direction (interface line in horizontal direction). Therefore in the
first case the interface line is lying between the ¢, points and in the
second case between the ¢, points. This we have done according to
the behavior of the potentials at the interface. Because of the continu-
ity of the tangential E field and the normal D field components at
u = uz, we have to fulfill the conditions (see Figure 2.3)

¢<lxt =¢(2xt (241)

1 8¢, 1 0¢2
€1 Ou €9 OUu (2.42)

where
fora=e thenu=z, m=i
(2.43)

fora=h thenu=y, m=k

Figure 2.3 Behavior of ¢, at an abrupt transition from €, to €,o.
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Consequently, in the figure the curve for ¢o (The subscript o
is omitted in the figure and in the following for simplicity) is drawn
with a break at u = u;. For the definition of the auxiliary quantities
¢L.+1 and ¢2, the dashed curves are drawn without any break. These
auxiliary quantities are necessary to compute the second derivative on
the points m and m+1 (lines in 2 direction). With the Taylor series
up to the linear term, applied on the interface point u; it is found

1
¢ (Uums1) =Pppy = ¢ + Z%’;

2 =2 =~ _2?&5.2.
¢ (u‘m) _¢m~¢t 2 ou

2
A(Uum41) =bm41 = ¢t + ;La;;

Htm) =pm =y~ 5 o2

The condition in Eq. (2.41) is fulfilled immediately by these equations.
With Eq. (2.42) we find for the derivatives on both sides of the interface

0 r
;; Erl (¢m+1 m) (2.44)

o r
-3—2— ‘f—?'(¢m+l bm) (2.45)

where S
€rt = -LLz——t-z- + [p((;rl — €2)] (2.46)

The term in the brackets must be added if the interface is moved in u
direction by ph(—0.5 < p < 0.5). Now also the special second order
derivatives in the Sturm-Liouville wave equation can be discretized on
points m and m+1.

h2e au(lg;ﬁ) L & (¢>m+1 ¢m) — (dm — dm—1) (2.47)

0 €r2
h2 6u < : ¢> ~ (¢m+2 - ¢m+l) _ L2 (¢m+1 d’m) (2‘48)
{(m+1)

€r OUu
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We get the same results if we fill the place for the point at the in-
terface in the diagonal matrix €, which is positioned between the
difference operators D* and D® (€, in Eq. (2.21)) of the special
difference operator P with the value ¢,;. We can understand this
result easily. The first order derivative is obtained at points between
the discretization points. Therefore for the derivatives which we obtain
on the transition the corresponding ¢, value must be chosen. Because
of the step the arithmetic mean value of the two values beside the
interface must be used.

The same is true for the places in the diagonal matrices €, be-
longing to discretization points on permittivity interfaces ( €%, on ver-
tical interfaces, €%, on horizontal interfaces). Then also the interface
conditions for the other field components are fulfilled as can be seen
from Eq. (2.8). Improved approximations for interface conditions are
described in [23].

2.5 Two Step Algorithm

This full wave algorithm has many advantages as demonstrated.
The disadvantage is that in the 3D case the numerical effort is very
high. If the number of discretization points is Ny and N, in the
two directions respectively, we have matrices of the order N, times
N, , which are complex in general. Therefore we also have developed
an alternative algorithm, which is a split-step procedure. Split-step
procedures are also used in FFT-BPM and in FD-BPM. But there are
significant differences. The main difference is that we use a multilayered
reference medium instead of a homogeneous one. This multilayered
reference medium is nearly identical with the waveguide cross section.
In case of e.g. a rib guide shown in the Fig. 2.4, the reference guide
differs from the original structure in the layer for the rib only.

7 Y

(b)

Figure 2.4 Reference medium (b) for a rib waveguide (a).
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Thus the reference medium has the correct refractive index in the
region with the main field of our wave. The correction is only necessary
in regions of the cross sections where the field intensity is small.

In the general case the reference medium has the permittivity

€R = €y (03) + €r, (y) (2.49)

Thus the reference medium is a double layered structure. The propa-
gation in this reference medium is described by (see section 2.3)

-

$o(2)=T e TZT7 400 (2.50)
with (Egs. (2.33) and (2.37))
T=T.9T, (2.51)

and e s
I‘2=Az®1y+ I:X, (2.52)

Thus the propagation of the field in the reference medium is again
described by eigenmodes. But now a separate diagonalization of the
difference matrices with respect to the coordinate directions is possible.
The two eigenvalue problems for P; and P, which have to be solved
are only of the order N, and N, respectively.

To obtain the propagation behavior in the original structure we
make an ansatz by the product of the solution in the reference medium
and a correction factor

&(z,y,2) = ¢o(z, y, 2)e I =) (2.53)

or in discretized form

$=cQp, (2.54)

Introducing this ansatz into the wave equation and neglecting the sec-
ond order derivative of @ we obtain a specific formula for “phase”
correction

AN 2 ~
(.4.9) e P r 7,99 a0 (s
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where

&rd=ér""eR (2-56)

and ¢,, is the diagonal matrix obtained from the vector &0

b m = diag((do)n) (2.57)

For a homogeneous reference medium with I' = jnoj' the above
equation reduces to the well known formula

= f - fio (2.58)

8|S

where 2= €, and f2= €,,.Inourcase Q is complex. Therefore
also an amplitude correction is performed.

Z
+

1

ABC

ABC
e o s e s e e e D\)
o e e e

- . - "

N N+1

Figure 3.1 Absorbing boundary conditions on the left and on the right
side of a waveguide.

3. Absorbing Boundary Conditions (ABC)

3.1 Factorization of the Helmholtz Equation and Approrimation

In inhomogeneous waveguide structures a part of the field of a
propagating wave is scattered. This scattered field propagates to the
walls and must be absorbed there to avoid reflections. In the MoL-
BPM absorbing boundary conditions (ABC) as described in [9] are
introduced for this task. The ABCs are obtained by factorization of the
wave equation. We will demonstrate the procedure for the z direction
(see Fig. 3.1). Using the operator L where
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o? o2 o2
L= toptamte

=Di+Di+Di+e (3.1)
we write instead of the wave equation
Lp=LYL ¢p=0 (3.2)

with solutions for propagating fields in +x and -z direction two
separate equations

L*¢=0 and L ¢=0 (3.3)

where
L*¢=(Ds+jyaVi+8%) ¢ = 0 (3.4)
L~¢=(Ds-jy/&Vi+8%) ¢ = 0 (3.5)
S? =¢;! (D2 + D) (3.6)

The first one describes wave propagation only in +z direction and
the second one only in —z direction. The scattered field from the
guide in Fig. 3.1 propagates on the right side in +z direction and
on the left side in —z direction. On both sides only outgoing waves
are allowed. Therefore on the right side the field will be described by
Eq. (3.4) only and on the left side by Eq. (3.5) only. The ABCs will be
obtained now from these two equations for the right and left boundary,
respectively. The main problem in Egs. (3.4) and (3.5) is the square
root with differential operators in the radicant. Therefore L* and
L~ are nonlocal pseudodifferential operators and a direct numerical
implementation is not possible. The usual way [9] to overcome this
problem is the following Padé approximation by the rational function

Po + p2S?
Vi+ S~ 71575223’5 1S? <1 (3.7)

With this approximation we can write for the Egs. (3.4) and (3.5)

{#1 (90 + @2¢7! (DF + DF)] Dz + v/er [po + pacy ' (Df+ DE)]} ¢ =0
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Introducing
D—g— + D% =—¢ - D2

from the wave equation, we obtain
-1 Qo G2 112 -3 ( ) }
D— + l14+e D)6 2D+ (1 —— 0
{ d [Pz P2 ( )] " )%=
(3.8)

Discretizing this equation on line 1 with the minus sign and on line
N with the plus sign by using Taylor series at this lines to obtain the
potentials on the neighborhood lines gives

%o | 2p2 — $7a(l — g2) + 32771 + (p2 — po)ii2 [ D1
P2 + 37a(1 — g2) + @0z’ oN

ON+1

P2+ 37a(l — 2) + @Ra’ | gy -y

$7a(l — 2) — @2;" { & }

P2+ 37a(l — 2) + @7’ | gy _s

_Pz—ﬁa(l—Q2)+342ﬁ;l{ Z }

with the abbreviation 7, = jh\/é&; and where without loss of generality
go = 1 was introduced. From this equation the coefficients a1, an, b1, bn
and c¢;,cn are found.

2p2 — 37a(1 — g2) + 3gon; ! + (P2 — po)7Ai2

ayny =1 — - — (3.9)
1) p2 + E;l'na(l —q2) + Qoia !
— (1 — a1
by = — B2 ?‘j( 92) + 39275 : (3.10)
P2 + 37a(l — @2) + ¢oNia
1z =—1
ey =— —> o(1 —02) — 07 (3.11)

P2+ 37a(l — q2) + gonia’

It should be mentioned that the parameters ¢,,po,p2 and ¢ can
be different on both sides of the waveguide. Therefore the absorbing
boundary conditions on both sides of the waveguide are different in
general. The expansion coefficients are chosen from the three angles
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01,0 and O3 with total absorption. At other angles the numerical
implementation is not exact. The reflection coefficient at the boundary
is given by [10]

. cos © — g2 cos ©5in® © — po + p2sin? O
cos © — g2 o8 ©sin® © + py — p2sin’ O

(3.12)

In Fig. 3.2 this reflection coefficient r is shown depending on the angle
of incidence © for different approximations and various choices of
absorbing angles ©;.

0
b 3
g -20-
g8 1
St
-4
- 4
@ e
g
g -60-
<@
A -
g
8 —80+
g
g ]
e
=100

Y T T 1
0 fO 20 Z_’:O 40 50 60 70 80 90
Angle of incidence in degrees ——s

Figure 3.2 Reflection coefficient r at the boundary depending on the
angle of incidence ©.
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Therefore with » = 0 for three chosen angles ©;,0; and O3 we
obtain the coefficients from

1 —sin?©; cos©1sin?O17] rpe - TeosO;
1 —sin®@; cosOsin®Oy | |, | = | cosO,
1 ~—sin®@3 cosO3sin® O go cos O3

with the solution
g2 =(1 4 cos ©; cos O + cos ©; cos O3 + cos O3 cos O3) !
po =(cos ©; + cos O3 + cos O3 + cos O cos Oz cos O3)qa (3.13)
P2 =(cos © + cos Oz + cos O3)gs
which may be obtained with e.g. MAPLE. The angles of total absorp-
tion can be chosen in such a way that in a specified region equiripple
reflection behavior is obtained.
3.2 Other Approrimations

In the case go = 0 (polynomial approximation) and two angles
©; and O, of total absorption we obtain the solution

_ 14 cos©;cosO9 _ 1
" c0s O + cos O, P2 cos ©; + cos Os

(3.14)
By an alternative discretization [15] the following coefficients are ob-
tained

2t (p2—polla 22T
2p3 + Ta ™= Tt A,

CI(N) =0

(3.15)
To obtain optimal absorption in the vicinity of © = 0 we also can use
a Taylor expansion for the square root of fourth order

VitS=1+ é—sz - %54 (3.16)

The corresponding operator equation analog to Eq. (3.8) can be
factorized in the following form

{(Dz % jve) (De £ j3/6)}p =0 (3.17)

ayny =1-2
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The first factor produces a third order reflection zero at © = 0. There-
fore an improved behavior of r is obtained (see curve 4 in Fig. 3.2).
For the second factor a wave with a real angle of incidence does not ex-
ist. Therefore some care is necessary for using this approximation. For
discretization of this equation a potential at one more discretization
point as for Eq. (3.8) is necessary.

4. Analysis of Waveguide Bends, Waveguide Steps
and Bragg Gratings

In this chapter we will give the basic equations for the modeling
of waveguide bends, e.g. the S-bend with offsets [24] in Fig. 4.1.

length 1

_____,s/z

offset s .
radius r
height h .o 4ius r s/2 i“’idth w

Figure 4.1 Optical waveguide S-bend with offsets for field matching.

4.1 Waveguide bends

We start with the bend in Fig. 4.2. We divide the bend into sectors
with suitable angles ay,. Each sector is approximated by a straight
waveguide with end planes equal to the sector planes, which are not
normal to the propagation direction. Therefore the propagation steps
are individual on each discretization line. The basic element is shown
in Fig. 4.2b.
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(b)

Figure 4.2 Model of the waveguide bend (a) and its basic element (b).
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The MoL-BPM uses not only guided but also radiation modes in
the structure. Therefore the fields in the two optical waveguides I and
IT including reflections are given by

51’ =e‘F’2A] + 6F17B1 (41)
37— Ti% AT 4 Tu% g 42

At all quantities a subscript e or k for TE or TM mode case, respec-
tively, must be added. The components of the vectors A’ and A" are
the amphtudes of the modes in +2z and +2z’ direction, the components
of B' and B" are the amplitudes in —z and —2' direction. I' is
the diagonal matrix of the propagation constants (see Eq. (2.40)).
The next step is the field matching in the cross section M in
which each point has another distance to the reference planes I and
II . The distances are equal to the individual propagation steps Az.
The main components which have to be matched are in the

TM case
a2¢h 62¢h a -1 '}
Ey=—¢! (6252 + = ) '5-3‘/'(67' é—ﬂ‘bh) + On
(4.3)
.0
TE case
0%, 0% 03] ad
= =1 e e\ _ 9 (10
(4.4)
_ ;00

Because the two waveguide cross sections are identical, the poten-
tial and its derivative according to 2 and z’, respectively, are to be
matched instead of the field components. From Egs. (4.1) and (4.2) we
obtain



MoL-BPM method of lines based beam propagation method 73

rdd
.‘% = (e T2l - L7 B (4.5)
da‘ﬂ - -
= =— (e T rya" - fvZ ryB") (4.6)

The matching process must be done in the original domain and yields

4.7
ThRH.AI —R;_B =R;;_A" - ’th[H.BH (4.7
or
TeS[+ ~TeSH+ AI S”— ——-S;- A” (4 8)
ThRI-;- ThRg+ B” - R[I— R]— BI .
with
(S:{:)n,n' =(T)n,n'eq:(r)"’A‘§" (4.9)
- oM n -1
AZ, =Azy+ htan 5 INT ( N, )
QM =Qm OT Qim41 , Tespectively
Ry =S.T (4.10)
and
cos(-a—m*)
Te = e 2 ; =1 for the TE case
cos(——f-“i—)
2
cos(%m-)
Th = Te =1 for the TM case
cos( Qmtly °

2

Te and T, are necessary because the two angles oy, and am41 are
not equal in general. Therefore we also must distinguish between the
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two regions I and IT for S and R. To obtam the transmitted and
reflected waves for a smgle sharp bend we set BY =0 and get

=SA! (4.11)
B' = (R; R~ +8715,-) " (taR}: Rpv — 7871 81+) Al
. =RA! | (4.12)

For S;= S , that means for a constant bend radius which implies
Qm = Om+1 , We obtain

1 % (R'R, +87'5,) A = SA! (4.13)

B' = (RZ'R, - 8:'8,) A’ = RA’ (4.14)
Neglecting reflections, Eq. (4.11) yields a recurrence relation for the
analysis of waveguide bends
Amy1 =(R2Rp- + S728y-) " (B Ry + 78781+ ) Am
=SmAm (4.15)

where the quantities § and R in the parentheses may change from
one sector to the other. To obtain the real field in a cross section, an
inverse transform with T, or T for the TE or TM case, respectively,
must be performed.

If we rewrite Egs. (4.8) for the case Sy = Spa, we obtain

s-lsy I —I][A I -1][A"
-1 m| = | (416)
RR, |\ |T I B I I B
For equal sectors Floquets theorem may be introduced

AT = Ale- B! = BlHe-T» (4.17)

with I'p as the diagonal matrix of the propagation constants for the
periodic structure. Solutions are obtained from

S-1S,(A! — BTy =(A! — BT)e~T» (4.18)
8718, Ip(A” + By =I'y(A' + BMye~T> (4.19)
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Both equations result in the same propagation constants I', for the
periodic structure.
4.2 Waveguide steps

As the next problem we will analyze offsets in waveguides (see
Figure 4.3).

(a)

—eo———————-
\\\\
N\

—
=

Figure 4.8 Steps in waveguides (a) arbitrary step (b) offset in the S-bend
of Figure 4.1.
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For the potential and its derivatives in plane m we have
¢! =TA' +T/B’
¢! =Ty A" 4 T BT (4.20)

d . .
5&; =T - TIPIAI + TII'IBI

% o =—TylyA" + Ty ryB" (4.21)

The equations are formally equal for both polarizations, and the quan-
tities must have a subscript e or h for TE or TM modes, respectively.

The matching process must be done for each polarization sepa-
rately. For the TM case we obtain

(&R, *Pyr - 1) P (A*‘ +B") = (&4h, Py - I) Ty (A" +B")
(4.22)

T{FI (AI - BI) = THFH (AH - BII) (4.23)

where €, and f’y are according to Egs. (2.14) and (2.23), respec-
tively.
For the TE case we obtain

(~—1h, P, —-I) T (Af-f-BI) ( Gy pw _ )Tn (AII +BH)
T.r; (AI - B’) = Tyly (AII _ B”)

where &, and P, are analogous to Eqgs. (2.14) and (2.23), respec-
tively, as described in section 2.2.
With the abbreviations

(Ar_zlnh P, = I) Tin = Stn (4.26)

Trulrn= Rig (4.27)
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for the TM case and

a1 T=22 -
(frfl,nhz Pery—1 ) Trnr=Smn (4.28)
Trnlrn = Rig (4.29)

for the TE case, we obtain

St 8 |[A'] [Sn Sn|[4" (.30)
R; -R/||B'| |Ry -Ry||B" '

This equation formally corresponds to Eq. (4.8) but note that the def-
initions for § and R are different. With B ¥ =0 the solutions for
the transmitted and reflected wave amplitudes are

A" =2(R;'Ry + 87'Sn) ' AT (4.31)
B' = (R7'R; + S5'S1)”" (R;*R; - S;'S)) AT (4.32)

Especially, these formulas are valid on the offsets in the S-bend in
Fig. 4.1. In this case the result e.g. from Eq. (4.13) should be used as
input AT.

4.3 Bragg Gratings

Bragg gratings are used e.g. in filters, DFB and DBR lasers, and
grating assisted couplers. Therefore in this section the formulas will be
given for the analysis of the multilayered waveguide structures with an
integrated Bragg grating as shown in Fig. 4.4 [33]. Because 8/0% =0,
we find from Eq. (2.8) for the

TFE case:
¢B = E:x:
OFE;
noHy = j—= (4.33)
OF.
NoH, = —j =
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TM case: 96
'5%& =JNoHy
E, = — j2-(n,Hy) (4.34)
€rliy = 302 Noldz .

&b, = ""i(ﬂon)

Figure 4.4 Multilayered waveguide structure with an integrated Bragg
grating.

The wave equations are of the Helmholz type

Py Py

552 + 552— +eY=0 (4.35)
with ¢ = E, or ¥ = H,, respectively. In the analysis of periodic
structures it is convenient to normalize the field with respect to the
phase in the following way [25,3]:

eIkaZy (4.36)

k; is the propagation constant in 2z direction normalized with k.. In
our case the propagation constant v = o + jk. may be complex. In
discretized form therefore we write for Eq. (4.36)

V2% Sy (4.37)
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with 4
S . = diag(c*) SL=s58, (4.38)

and

For the phase normalized second order derivative we obtain

ﬁ%ﬂf@ﬁ_psw (4.39)
#7872 P '

where P, is the difference operator for the periodic structure [3] and
has the following form

—8 s -5 s
s
P,=D,D, =
§-1
L S *8—1.‘ _8—1 —
r 2 —o! -0
— ,
- = D,D, (4.40)
. gl
| —o~! - 2 |

D, and D, are the difference operators for the derivatives of first
order of . and ¥, respectively. After transformation for diagonal-
ization

SYy=T¢Y¢y (4.41)
we obtain
d? o 2 2
E_F,p_ky,p:o E2=X"—¢1I (4.42)
where
T“P,T =F"x’ (4.43)

and
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1 .
T = ol ik
Td eik \/]_\/:
1 oea
Thix = _NeJ(l+§)<pk
X =56 =68
6 = diag (2 T, sin Pk +;%hz)

& = diag (—2,]'71-;1 gin Pk T I V= +é”7hz)

k
pp=2r—  k=12.N

The tangential fields in the planes A and B are related to each other
as follows

[fzg ] [ cosh kyd Wsinhkg,-?l':l [-F—_.,A ]

= L M s (4.44)
iF:B W-lsinhkyd coshkyd | |jF.a

where in the

TE case: _
Fz - E:z
Fz =770—z
wW=2. =Ic!'7'1
TM case:
Fa: =—- 770Hz
~F—z =—E—z
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With the formulas (4.44) the fields may be transformed from one
plane of a homogeneous layer to the other.

Now we will consider the inhomogeneous layer between planes C
and D. For this layer the fields at the interface M may be matched.
With the ansatz

- I— I
Fi =e_kfyAI + ks¥ gl

— Il — II—
FY e hyUgn Ky Tpn (4.45)

z

we obtain from the matching of the component in z direction:
STA'+ 8! B/ =8TA", gUBH (4.46)
where —
(84)ik = (Tep)iret (KD (4.47)

In the tangential direction ¢ we have to match

Ht =T5Hy +TCHZ
E;=1E,+1.E, (4.48)

where
T s = diag(sin o;) T = diag(cos o;)

The angle «; for each line 7 is defined as given in Fig. 4.4. With the
Egs. (4.3) (4.4) and (4.45) then we obtain

erq[R’_A’—RﬂrB’] =RTAT_RUBT  (449)

where _
Ry =1 8L kM 5 7, 8L"F (4.50)

with €,y =1 for the TE case and €, = €/ /€7 for the TM case.

With the formulas (4.45), (4.46), and (4.49) the transformation
of the field components between planes B and F or C and D is
described. To obtain well conditioned matrices S ., the origin of the
y axis should be chosen in the middle between C and D.
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With the equations given above an indirect eigenvalue problem
can be now formulated in the form

RF,=0

for an arbitrarily plane, e.g. plane B. From the condition det(R) =0
the propagation constant vz will be found and then the eigenvector
F . can be calculated.

5. Algorithm for Vectorial Field

In this case the two coupled Sturm-Liouville equations (2.5) and
(2.6) must be solved

_10¢€, O

L€)¢, =¢; 1'552—3%"‘ (5.1)
_1 06, O

LMy, =¢; 1'5%3%‘ (5.2)

° &
X &
5—19“5’:‘%
T 9% 0y
e, 00
-1 T
A« 0y 0%

Figure 5.1 The positions of discretization points for the potentials and
for the coupling terms.

In Figure 5.1 the positions of discretization points not only for the
potentials but also for the coupling terms are sketched. As can be seen,
the coupling terms are only nonzero at the interfaces. The coupling
term in the first equation results from vertical interfaces (or horizontal
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changes of € ) and the coupling term in the second equation results
from horizontal interfaces (or vertical changes of ¢, ). The places of
discretization of the coupling terms are different from those of the
potentials. Therefore the coupling terms should be rewritten in the
following form [26]

~106- 0¢n _ OP¢n ~10¢n
“ %% oy 0305 o <5' 8y> (5:3)
laer a¢e 6 ¢e -1 6¢€
r oy 6z 0yoz "oy (6' 6:c> (54)

Because we have mixed second order derivatives on the right side now,
we obtain the discretized coupling terms on the points for the poten-
tials. The discretized wave equations now run as follows:

T
& Ues Qunl 9
with
Q. =h;?Pye + h;?Pre —&re (5.6)
Qn =hy 2Py + h;?Pon — & (5.7)

where Pz, P and €, are constructed as described in section 2.2
and U and U n are the discretized coupling terms

Uh =(hehy)™! - (DD — & DLk D) (5.8)
0. =(hahy)™ - (Dy D ~ &nDye; DY) (5.9)

with R .
D,=I'®D: D, =I'¢D:
D=Di®I: D,=D.®I

D. and D, are constructed as described in section 2.2. €, is
constructed analogously to € ,s.. The results are equal. The transfor-
mation for the diagonalization of the block matrix in Eq.( 5.5) is done
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84
in the following way:
. [é 7 7 [ ] =
¢=|:Ae = | pohe ~h S =T¢ (510)
¢h T T ¢h
where Q i
2 —1 2 22
T [Ae f‘] T=r (5.11)
Ue Q

With the matrix of propagation constants I'" the propagation is de-

|

|

scribed by
b(2) = [?(z) fe(O)] = FZg(0) (5.12)
#n(2) #1(0)
in one direction and by
(5.13)

& _PZA-I-CPB

in both directions.
With the abbreviations

—j H ) E,
”’] E= { ] (5.14)

IAI=770|: A
jH,

the solution for the field is given by

. 8-

H=rd

H=-R <e- (74— ef'fB) (5.15)
E=_8§ (e-f'fA + ei‘?B) (5.16)

and
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R=TF
&R P -1, DiglD] s
S=|T="" ’2"‘6 T (5.17)
Dy‘;;hD & hy Pyn— I

By using these extended definitions for R and S instead of those
in (4.26) to (4.29), the results in Egs. (4.31) and (4.32) are valid for
vectorial fields, too.

With the Eqgs. (5.15) and (5.16) also the algorithm in 4.1 may be
extended for vectorial fields. Formally the same results as in Eq. (4.8)
will be obtained. But now the quantities must be defined according to

(8t)nn = (S)nm e:F(I:‘ ) AZn (5.18)

(R:!:)'n.,n' = (R)n,n' e:F(P)"'AE"' (519)
Instead of 7. and 7, the quantities 7. and 7, must be used where

i‘e == Diag(TeIe, Ih)

. ) (5.20)
7n = Diag(le, Thlh)
AZ, varies two times as in (4.9) according to the discretization lines
of the two potentials.

6. Results

In this chapter some typical results shall be presented. For the oth-
ers, e.g. for the Y junction or a waveguide diode transition, the reader
may be referred to the literature [18-21, 31,32]. First it is shown how
well the absorbing boundary conditions work. In Fig. 6.1 the prop-
agation of a Gaussian beam in a homogeneous medium towards the
boundary under an angle of 45 degrees with implemented ABCs is
demonstrated. The figure shows the beam in different positions begin-
ning with the starting position. No reflections can be seen if the beam
propagates through the boundary.
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Figure 6.1 Propagation of a Gaussian beam in free space towards the
absorbing boundary under an angle of incidence of § = 45°.

-1.52 59
9um _
0.32 um n=1
y [Ti2um]" ) "n=33735 |
n=3.3042
—-2.48
—-4.98 X —a 9.15

Figure 6.2 Intensity distribution of the lowest order quasi—-TE mode in
a waveguide bend (Bend radius R, = 2mm, A = 1.52um. ©IEE 1994.
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Next some results for a rib waveguide bend will be presented [36].
Figure 6.2 shows the intensity distribution in the cross section for the
lowest order quasi-TE mode. The bend is curved to the left and the
diagram clearly shows the shift to the right. The result may be com-
pared with that obtained by Gu [27]. For another waveguide a vectorial
solution was obtained by Pascher and Pregla [28]. In both cases the
distribution is equal in the main part. Only on the right outer side
there are some small differences. ’

To show that the MoL yields accurate field behavior we have
calculated the E, component of this mode in the half rib height as a
function of z. The normalized component is drawn in Fig. 6.3. Also
in this curve the shift of the field to the right can be seen. As can
be seen, also the jump in the permittivity is modeled properly. This
is because self-adjoint formulation of the wave equation is used and
interface conditions are introduced appropriately. This curve is also
nearly insensitive to the number of discretization points. This behavior
is according to the fact that the MoL is related to the discrete Fourier
transformation which gives correct values on the discretization points
for a periodic function.

1.0

T 0.8 -

0.6 AL
H - S R S
0.4 /0816 x in um — 2.084

oot )

PNy

EX/EX

0.2 —

i ] 1 | J 1

I I I I {
-4.0 -20 0 2.0 4.0 6.0 8.0

X in Man  ——-

Figure 6.3 Normalized E, component of the lowest order quasi TE mode,
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The diagram in Fig. 6.4 shows the propagation in the dashed plane
(see Figure 6.2) as a function of the angle. The diagram was straight-
ened. The propagation starts with a Gaussian distribution. After a
transient process in a sector of about 7 degrees a stationary behavior
is obtained. The diagram in Fig. 6.5 finally shows the loss versus the
propagation angle ©. As input again a Gaussian field distribution is
used. After some degrees of propagation a straight curve is obtained.
The radiation loss per degree is constant. The loss calculated by Gu
[27] is about 13.5 dB, the loss measured by Deri et al. [29] is about
10.5 dB, the result obtained with MoL-BPM is 11.8 dB.

16.5

@ in degrees

Figure 6.4 Field distribution in the dashed plane (Figure 6.2) with a
Gaussian beam as input. ©IEE 1994.
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11.8 dB/90°

Loss in dB

8 I | T T I
0 10 20 30 40 50 60

8 in degrees

Figure 6.5 Loss of the quasi — TE mode in a bend with a Gaussian beam
as input. (Rp = 2mm, A = 1.52um) © IEE 1993.

The algorithm presented was also used for a circular bend of a
more complicated waveguide. The cross section of that waveguide has
no straight border lines (see Figures 6.6a: such waveguides are fabri-
cated at the Technical University Hamburg-Harburg in the institute of
Prof. J. Miiller). At the free space wavelength A, = 0.81x m the waveg-
uide is multimoded. In Fig. 6.6b the intensity distribution for the 5th
higher order mode with TE polarization is given. Because of the higher
order modes the loss curve against the propagation angle has a ripple.
The periodicity of the ripple coincides with the beat length of the fun-
damental mode and the first higher order mode. The dependence of
the loss from curvature radius is given in the following table:

bend radius mm | Loss dB/90°
1.0 0.0277
0.5 0.0227
0.25 0.0369
0.125 0.127

Dependence of the loss from the curvature radius of the waveguide in
Fig. 6.6a.
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(a)

420um

(b)

—-4.75um 75 um

~2
3]
\

()

[3)]
(=}
\

|S21’ in dB-——-——’.
~

2.5 /
//
0 1 2 3 4 5
a in degrees —»

0.0

Figure 6.6 Waveguide with non straight border lines a) Cross section
of the waveguide b) Intensity distribution of the 5th order higher mode
(TE polarization) ¢) Loss versus propagation angle.
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Figure 6.7 shows the result for a sharp waveguide bend with the
bend angle a. Dimensions and material parameters are given in figure
(a). The calculations are three-dimensional. The diagram (b) shows
the intensity distribution in the plane M for the outgoing waveguide
II. In the incoming waveguide I the fundamental TE eigenmode is
propagated. It is seen that a part of the field is initially radiated in
the direction of the incoming waveguide. The diagram (c) gives the
transmission loss as function of the bend angle o. All this loss is
due to the radiated power, because the reflections are very small and
negligible.

The Figure 6.8 shows the propagation constant v = a + j8 in
a Bragg grating as a function of the free space wave number ko . All
quantities are normalized with the length A of the period of the grat-
ings. The results are obtained with two alternative procedures. In one
case discretization is done in z direction and in the other in y direc-
tion. Excellent agreement was found between the two results.

In Figure 6.9 the result for a Bragg grating with sinusoidal contour
is given in comparison to the rectangular shaped one. The dimensions
and parameters are the same as in Fig. 6.8. Only the a curve in the
stop band is drawn. As can be seen, the o values are reduced. This is
because the reflections in the sinusoidal contour are smaller.

Figure 6.10 shows the intensity distributions in a waveguide for
different offsets. The cross section and the material parameters are the
same as in Fig. 6.7a. The field is plotted for the outgoing waveguide.
The wave in the incoming waveguide is the fundamental TE mode.
As can be seen the patterns do not change much. Therefore the loss
for the total field is small (see Figure 6.11), whereas the loss for the
fundamental mode is high because only a part of the total field is
coupled to the outgoing waveguide .

To verify the vectorial algorithm, a polarization converter [34](see
Figure 6.12) was analyzed [35]. As input wave the fundamental TE
mode was used. Figure 6.13 shows the distribution at 2z = 0. As can
be seen in Fig. 13b, this quasi TE mode has E, components, too.
This component is obtained at the edges of the channel guide. This is
necessary because the field must have poles at these points as it is well
known.
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Figure 6.7 Intensity distribution for the outgoing waveguide in the plane
M of a sharp waveguide bend (bend angle ) and transmission loss as
function of bend angle a. © IEE 1993.
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Figure 6.8 (a) Contour of a Bragg grating with dimensions (b) Disper-
sion diagram (© IEE 1993. discretization lines in z direction, * * %
discretization lines in ydirection.




Pregla

94
0.010
M\
0.008 Y
T I
: i
- LN
3 0.006 : rectangular
! L shape
! A
0.004 { L
! ’ Al sinussoidal
: ": shape
0.002 i i
| i
i |
0.000 r ‘ 4 T
0.94 0.95 0.96 0.97
kA —

Figure 6.9 Behavior of a sinusoidal Bragg grating in comparison with a

rectangular one. (© IEE 1993.
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Figure 6.10 Intensity distribution in the outgoing waveguide of a waveg-

uide offset.
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Figure 8.11 Loss at a waveguide offset as a function of the offset width.
© IEE 1993.
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Figure 6.12 Structure of the analyzed polarization converter {34]. © IEE

1994.
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Figure 6.13 Input field of the polarization converter a) absolute value of

the £, component b) absolute value of the E, component c) vector plot.

© IEE 1994.



97

MoL-BPM method of lines based beam propagation method

2.00

-2.00

2.00

2.00

-2.00

-2.00

(b)

(2)

1XX32111XXXA1A3332213211121

EE3REAXEILBAANAAAALELIRL
. . R

nhhﬂ.ﬂiiuub—

PETTTRTTL. L1 L FYPPPTPTR

TAAAARATIARL ™

\ N o . .
»--pmu>/./ 'I}—y--,-u
---mvl/'. y .r/l.:-u-»-
-«--uhﬁ/ ' .r/lnj-uu»r
:uu.-.u‘»dl_..f / MNvarrxzaag |
11122135282 X53200223022
11EALAEERBAANRAAREARER]D

T
o - (=] — o

[war] £

x [um]

(c)

Figure 6.14 Field distribution of the polarization converter at z = 5A a)

absolute value of the E, component b) absolute value of the £, compo-

nent c) vector plot. © IEE 1993.
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The wave propagates in z direction and the field vector rotates
more and more in y direction. At the position z = 5A the situation
is visualized in Fig. 6.14. Nearly the whole field has a distribution of
about 50 degrees towards the z axis.

The Figures 13 and 14 show that physically correct, smooth field
plots are obtained with the described algorithm. The reason for this
fact is that the formulation of wave equations is self-adjoint and inter-
face conditions for all components are fulfilled at all interfaces. Because
of this fact the method of lines is able to model the field near the singu-
larities. This was demonstrated with numerical results by A. Kornatz
in Fig. 6.15.

Figure 15. Field component E; of the lowest order quasi TE mode at the
dielectric edge of a rib waveguide.
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