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1. Introduction

Plane-layered (bi)anisotropic structures may find potential appli-
cations in a vast variety of areas including novel antenna radomes and
absorbing coatings design, integrated circuit technology, optoelectron-
ics, etc. This creates a growing need for the tractable models and meth-
ods to analyze EM phenomena in a layered (bi)anisotropic medium.

In view of a severe algebraic complexity of Maxwell’s equations for
such a medium, the success of theoretical investigation is critically de-
pendent on analytical techniques. A fruitful coordinate-free approach
for bianisotropic media has been developed in [1–3], extending some of
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the original methods for anisotropic media from [4]. This analytical ap-
proach operates with the vectorial field amplitudes and the dyadic con-
stitutive parameters without invoking the preferred coordinate system.
It is applicable to plane-wave propagation problems involving homo-
geneous media or discrete-layered structures. An alternative strategy
stemming from the works [5,6] is to eliminate the field components
parallel to the axis of stratification and to operate with a system of
four coupled differential equations with respect to the transverse field
components. Within the framework of this formulation, an ingenuous
analytical approach has been presented for solving radiation and prop-
agation problems in anisotropic [7,8] and bianisotropic [9] media. It is
based on the representation of a solution to the aforementioned system
of differential equations in homogeneous regions in the matrix expo-
nential form and the subsequent use of the Caley-Hamilton theorem.
This approach is applicable to homogeneous or piecewise-homogeneous
layered structures. The case of a continuous layered slab can be treated
via the just cited methods by approximately dividing the inhomoge-
neous region into thin homogeneous layers. However, such a technique
requires the numerical solution of a characteristic equation in the com-
plex domain for each artificial layer and the numerical treatment of
the exponentially growing factors depicting non-uniform plane waves.
In view of these complexities a direct numerical solution of the re-
spective differential system may appear advantageous. The efficient
finite-difference numerical schemes to deal with the matrix differen-
tial equations for anisotropic slabs satisfied by the transmission or the
reflection matrices have been proposed in [10] and [11], respectively.

In spite of the progress that has been already achieved, there
exists an opportunity to further simplify the analytical and numeri-
cal treatment of the EM problems in layered bianisotropic media by
invoking the scalarization approach [12–16]. In this context, a system-
atic analytical method has been developed [13,14,16] that synthesizes
the ideas of the coordinate-free approach and the elimination tech-
nique and comprises a variety of radiation and propagation problems
in anisotropic layered media. The basic advantages of this method are
as follows:

a) the number of the unknown quantities—scalar potentials—is
reduced to two rather than four in the past,

b) the respective field representation through scalar potentials, as
well as the resulting problem formulation for these potentials is
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independent of the choice of a Cartesian coordinate system where
the constitutive parameters are specified,

c) there is no need to employ the matrix quantities and formula-
tions. The quantities of physical interest are explicitly related to
the solution to a respective problem for scalar potentials. The lat-
ter includes standard Sturm-Liouville differential operators, with
the coefficients being expressed invariantly and in a highly sym-
metrical manner through the dyadic constitutive parameters,

d) a unified consideration of media with the piecewise-constant and
the smooth variation of the EM properties is provided.

A sacrifice for these advantages was a huge amount of algebraic
manipulations performed at the intermediate stages of developing the
ultimate formulations [16].

In this paper, the scalarization approach of [13,14,16] is extended
to include the basic excitation, plane-wave diffraction and normal mode
propagation problems for an arbitrarily bianisotropic plane-layered
medium bounded by a surface with an arbitrary anisotropic non-local
impedance. As well, the paper can be thought of as a natural general-
ization of the work [17] which has been considering the spectral-domain
dyadic Green’s functions in layered chiral media. Namely, we deal
with a medium where the constitutive relations for a time-harmonic
(∼ e−iωt) EM field are stated as

�D = ε̂ ◦ �E + ξ̂ ◦ �H, �B = µ̂ ◦ �H − ζ̂ ◦ �E (1)

The complex dyadic quantities ε̂, µ̂, ξ̂, and ζ̂ have arbitrary geomet-
rical structure and vary in any prescribed way in the z direction but
do not depend on �r = (x, y, 0). The variation with z may be smooth
or piecewise-constant (discrete-layered structure) or any combination
of these.

The medium fills the halfspace 0 < z < +∞ and is bounded at
z = 0 by an impedance surface characterized by the dyadic impedance
L̂ (see Figure 1) . The quantity L̂ generally is an operator which acts
on the vectorial functions of �r which are tangential to the boundary
z = 0. This is characteristic of a penetrable boundary (see [18,19]
and Appendix B) or to a statistically rough interface [20,21]. For a
well conducting surface the operator L̂ reduces to multiplication by
a scalar factor representing the impedance of an underlying medium
[22, 23]. In case of perfect conductivity, L̂ = 0. The boundary z = 0
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is homogeneous with respect to its physical properties. Formally this
means that on applying the operator L̂ to a spatial harmonic

�B(�r) = �A(�χ) exp(i�χ ◦�r) (2)

with the vector amplitude �A = (Ax, Ay, 0) and arbitrary complex wave
vector �χ = (χx, χy, 0) one gets the same spatial harmonic multiplied
by a dyadic factor L̂(�χ) :

L̂ ◦ �B(�r) ≡ exp(i�χ ◦�r) L̂(�χ) ◦ �A(�χ) (3)

The dyad L̂(�χ) obeys the relations �z0◦L̂(�χ) = L̂(�χ)◦�z0 ≡ 0 where �z0

is the unit vector along the z axis, and is otherwise an arbitrary com-
plex dyadic function of �χ variable. It represents the dyadic impedance
of the boundary z = 0 in the spectral domain.

Figure 1. Two-dimensional sketch of the problem.
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The basic scalarized formulation for a general EM problem in such
a medium is presented in Section 2. Next, in Section 3 the usefulness
of the scalarization method is demonstrated by the solution to the
spectral domain Green’s functions in a general bianisotropic medium
and the asymptotic evaluation of the spatial Green’s functions in case
where a point source and an observation point are located within the
bianisotropic slab and in the adjacent space, respectively. It is also
shown that the spectral dyadic Green’s functions are essentially the
generalized functions, or distributions. Their regular and delta func-
tion constituents are explicitly found, and their singular behavior at a
source plane is revealed. In Section 4, assuming planar excitation in the
interface an excitation problem in the spectral domain is solved, and
the closed-form asymptotic expressions for the spatial dyadic Green’s
functions accounting for the interface sources are obtained. The funda-
mental importance of the results of Sections 3 and 4 in solving radiation
and scattering problems for microwave integrated circuits is obvious.
Finally, in Section 5 the concept of the equivalent impedance of a pen-
etrable boundary is employed to produce an elegant coordinate-free
solution to a plane-wave diffraction problem and a natural mode prop-
agation problem involving a bianisotropic slab.

2. Scalarization of Field Quantities in the Spectral
Domain

The main purpose of this section is to obtain an analytical rep-
resentation for the vector field amplitudes through scalar potentials
referring to a generally bianisotropic plane-layered medium with an
impedance boundary and to derive the formulation for a general EM
problem in terms of these potentials.

The starting problem for the field intensity vectors �E(�R), �H(�R),
�R = (x, y, z) in the halfspace z > 0 consists of Maxwell’s equations

∇× �H + ik0(ε̂ ◦ �E + ξ̂ ◦ �H) = (4π/c)�J

∇× �E − ik0(µ̂ ◦ �H − ζ̂ ◦ �E) = −(4π/c) �M
(4)

within the continuous parts of a medium, customary continuity con-
ditions for the tangential EM field �Eτ , �Hτ at every interface z =
const, (const > 0), free of the impressed sources, boundary conditions
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at the interface z = zs, (zs > 0), supporting the impressed sources

{�z0 × �Hτ} = (4π/c)�Js, {�z0 × �Eτ} = −(4π/) �Ms (5)

and the impedance boundary condition at z = +0

�Eτ − L̂ ◦�z0 × �Hτ = 0 (6)

Here k0 = ω/c, c is a speed of light in free space, �J ≡ �J(�R), �M ≡
�M(�R) are the volume densities and �Js ≡ �Js(�r), �Ms ≡ �Ms(�r) the sur-
face densities of the impressed electric and magnetic currents, {f(z)} ≡
f(z + 0) − f(z − 0) for any function of variable z. We note that in
Maxwell’s equations (4), the constitutive relations (1) have been uti-
lized. Equations (4) and (5) preserve their form under the following
transformations:

�E → �H ,

�J → �M ,

ε̂↔ µ̂,

�H → −�E
�Js → �Ms, �M → −�J, �Ms → −�Js
ξ̂ ↔ ζ̂

(7)

This symmetry property will be traced in subsequent formulations.
Let us assume that the impressed sources represent a spatial har-

monic with a wave vector �χ :

�J(�R) = �J(�χ, z) exp(i�χ ◦�r),
�Js(�r) = �Js(�χ) exp(i�χ ◦�r),

�M(�R) = �M(�χ, z) exp(i�χ ◦�r)
�Ms(�r) = �Ms(�χ) exp(i�χ ◦�r)

(8)

The quantities �J(�χ, z), �M(�χ, z) and �Js(�χ), �Ms(�χ) stand for vector
source amplitudes, �χ may be complex if not stated otherwise. The
exceptional place of the particular case (8) among the innumerable
variety of the impressed sources is explained by the fact that any of
them can be represented as proper superposition of spatial harmonics
like (8) (e.g. via the inverse double Fourier transform in the �χ domain).

We seek for a solution to the above described problem in the form

�E(�R) = �E(�χ, z) exp(i�χ ◦�r), �H(�R) = �H(�χ, z) exp(i�χ ◦�r) (9)

where �E(�χ, z), �H(�χ, z) denote the vector field amplitudes. A question
arises how to express these vectorial quantities through auxiliary scalar
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functions. An efficient method which leads to a minimal number of
these functions is presented below.

It is an easy matter to verify that the vectors �χ and �z0 × �χ are
linearly independent if �χ◦�χ �= 0, i.e., if χx �= iχy. Assuming that this
demand is satisfied introduce a basis set of vectors [13,16,24]

�a1 = �n, �at = �z0 × �n, �az = �z0 (10)

where �n = �χ/χ is a unit vector: �n ◦ �n = 1, χ = (�χ ◦ �χ)1/2, and
the branch of a square root is chosen, for definiteness, to satisfy the
condition 0 ≤ arg χ < π. We apply the definition (10) also to the case
χx = χy = 0. This time �n is supposed to be an arbitrarily fixed unit
vector lying in the plane z = 0. The case where χx = iχy �= 0 needs
separate treatment which is omitted. By construction, the unit vectors
(10) obey the orthogonality relations

�aσ ◦ �aτ = 0, (σ �= τ) (11)

where σ, τ = l, t, z. Making scalar products of the Maxwell’s equations
with the unit vectors �az and �at, one arrives after some tedious algebra
at the direct formulae expressing �az,1 ◦ �E(�χ, z) and �az,1 ◦ �H(�χ, z) in
terms of scalar potentials

E(�χ, z) ≡ �at ◦ �E(�χ, z), H(�χ, z) ≡ �at ◦ �H(�χ, z) (12)

and their first derivatives with respect to z. Subsequent reconstruction
of the vectors �E(�χ, z), �H(�χ, z) via their projections on the basis set
(10) brings the result we are seeking:

�E(�χ, z) = �ve E(�χ, z)− �weH(�χ, z)

+ (4iπ/ck0)
[
α̂ee ◦ �J(�χ, z)− α̂em ◦ �M(�χ, z)

]

�H(�χ, z) = �vmH(�χ, z) + �wm E(�χ, z)

+ (4iπ/ck0)
[
α̂mm ◦ �M(�χ, z) + α̂me ◦ �J(�χ, z)

]
(13)

These formulae constitute a desired representation of vector field am-
plitudes through two scalar potentials E ,H. Here �wβ,�vβ, (β = e,m),
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are vector differential operators acting on z and depending on χ,�n :

�we = �ntl +�z0 tz + k0
−1

[
χ(�z0pll − �nplz) + i(�npzz −�z0 pzl)∂z

]

�ve = �z0 × �n + �nvl +�z0vz + k0
−1

[
χ(�nrlz −�z0rll) + i(�z0rzl − �nrzz)∂z

]
(14)

�we → �wm , (tσ → uσ , pστ → qστ )
�ve → �vm , (vσ → wσ , rστ → sστ )

(15)

∂z = ∂/∂z, α̂ee, . . . , α̂mm are the dyadic functions of �n, z :

α̂ee(�n, z) = �n�z0 plz +�z0�n pzl − �n�n pzz −�z0�z0 pll

α̂em(�n, z) = �n�z0rlz +�z0�n rzl − �n�n rzz −�z0�z0rll
(16)

α̂ee → α̂mm, (pστ → qστ ); α̂em → α̂me, (rστ → sστ ) (17)

Scalar functions pστ , qστ , rστ , sστ , tσ, uσ, vσ and wσ of the variables
�n, z are given in Appendix A.

Continuing the previous line, take a scalar product of the Max-
well’s equation (4) and the remaining vector �at. Substitution of the
formulae already obtained for �az,1 ◦ �E(�χ, z),�az,1 ◦ �H(�χ, z) into the
relations arising yields the following result:

DssH(�χ, z) + Dsp E(�χ, z) = (4π/c) qs(�χ, z)
−DpsH(�χ, z) + Dpp E(�χ, z) = (4π/c) qp(�χ, z)

(18)

This is a fourth-order system of two coupled ordinary differential equa-
tions obeyed by scalar potentials over the interval 0 < z < +∞. Here
qν(�χ, z) depicts a source terms, Dλν is a Sturm-Liouville operator
acting on z, (λ, ν = p, s). Their explicit expressions are:

qs(�χ, z) =
[
�z0(∂zplz + iχpll − ik0bz)

− �n(∂zpzz + iχpzl + ik0bl)
]
◦ �J(�χ, z)

+
[
�n0(∂zrzz + iχrzl + ik0dl)

−�z0(∂zrlz + iχrll − ik0dz)− ik0�z0 × �n
]
◦ �M(�χ, z)

(19)
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qs → qp, (bσ → cσ, dσ → fσ, pστ → qστ ,

rστ → sστ , �J → − �M, �M → �J)
(20)

Dss = ∂zpzz∂z + iχ(∂zplz + pzl∂z) + ik0(bl∂z − ∂ztl)

+ k2
0δµ − χ2pll + χk0(bz − tz)

Dsp = ∂zrzz∂z + iχ(∂zrlz + rzl∂z) + ik0(dl∂z + ∂zvl)

+ k2
0δζ − χ2rll + χk0(dz + vz)

(21)

Dss → Dpp, (bσ → cσ, tσ → uσ, pστ → qστ , δµ → δε)
Dsp → Dps, (dσ → fσ, vσ → wσ, rστ → sστ , δζ → δξ)

(22)

Scalar functions bσ, cσ dσ and fσ of the variables �n, z are specified in
Appendix A.

On assuming that �J(�χ, zs ± 0) = 0, �M(�χ, zs ± 0) = 0 by substi-
tuting expressions (13) in (5) we obtain at z = zs

{
E(�χ, z)

}
= (4π/c)�n ◦ �Ms(�χ),

{
H(�χ, z)

}
= −(4π/c)�n ◦ �Js(�χ)

{[
vl + k0

−1(χrlz − irzz∂z)
]
E(�χ, z)

−
[
tl + k0

−1(ipzz∂z − χplz)
]
H(�χ, z)

}
= −(4π/c)�z0 × �n ◦ �Ms(�χ)

{[
wl + k0

−1(χslz − iszz∂z)
]
H(�χ, z)

+
[
ul + k0

−1(iqzz∂z − χqlz)
]
E(�χ, z)

}
= (4π/c)�z0 × �n ◦ �Js(�χ)

(23)
These relations constitute boundary conditions to be satisfied by scalar
potentials on the interface supporting the impressed surface currents.
Similar relations with the zero right-hand sides hold at any source-free
interface. Within the present context, an interface formally represents
a surface where at least one of the coefficients in the equations (18)
exhibits a discontinuity.



228 Zhuck and Omar

With the substitution of (13), the impedance boundary condition
(6) transforms into a pair of relations linking scalar potentials and their
derivatives at z = +0 :

[
ik0ass + bss∂z

]
H(�χ, z) +

[
ik0asp + bsp∂z

]
E(�χ, z) = 0[

ik0aps + bps∂z

]
H(�χ, z) +

[
ik0app + bpp∂z

]
E(�χ, z) = 0

(24)

Here it is implied that �J(�χ,+0) = 0, �M(�χ,+0) = 0. The definition
of the dimensionless coefficients aλν , bλν , (λ, ν = p, s) is given in
Appendix B. Thus, a reduction of the vectorial EM problem to a pair
of coupled differential equations involving two scalar potentials has
been achieved.

On taking into account the explicit expressions for the coefficients
encountered in (14)–(17) and (19)–(23), one can easily verify that the
scalarized representation (13) has the property, and the equations (18)
and (23) preserve their form under the following transformations:

E → H,
�J → �M,

ε̂↔ µ̂,

H → −E
�Js → �Ms, �M → −�J, �Ms → −�Js
ξ̂ ↔ ζ̂

(25)

The proposed formulation provides a unified description of a discrete-
layered and smoothly-inhomogeneous medium and is quite general in
the sense that it embraces the basic EM problems for a regular medium,
that is of wave excitation, natural mode propagation and plane-wave
diffraction. The inspection of coefficients in Appendices A and B, which
figure in the scalarized representation (13) as well as in the equations
(18), (23) and (24), shows that they are completely independent of
a particular coordinate system which is used to specify the dyadic
quantities ε̂, µ̂, ξ̂, ζ̂ and L̂(�χ). Within the matrix formulations used
in the past, the analytical investigation of the problem, as well as the
interpretation of the results obtained, is a complicated task. As it is
shown below, the scalarized problem lends itself pretty easily to further
analytical investigation. For an isotropic plane-layered medium, the
results of this Section coincide with those previously obtained [16].
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3. Dyadic Green’s Functions

In this Section we are confronted with the derivation and analysis
of the spectral dyadic Green’s functions Ĝαβ(�χ, z, z′), (α, β = e,m),
for the volume sources under the assumption that all interfaces are
source-free (i.e., �Js = �Ms ≡ 0) and no impressed sources residing at
z = +∞ exist. The solution to the corresponding excitation problem
can be easily achieved with aid of Ĝαβ(�χ, z, z′) in the following form:

�E(�χ,z)

=
∫ +∞

0
dz′

[
Ĝee(�χ, z, z′) ◦ �J(�χ, z′) + Ĝem(�χ, z, z′) ◦ �M(�χ, z′)

]

�H(�χ,z)

=
∫ +∞

0
dz′

[
Ĝme(�χ, z, z′) ◦ �J(�χ, z′) + Ĝmm(�χ, z, z′) ◦ �M(�χ, z′)

]
(26)

The spatial dyadic Green’s functions Ĝαβ(�R, �R′) are connected to their
spectral counterparts via inverse double Fourier transform:

Ĝαβ(�R, �R′) = (2π)−2

∫
d�χ exp

[
i�χ ◦ (�r − �r′)

]
Ĝαβ(�χ, z, z′) (27)

Below, an efficient analytical technique of deriving the spectral
dyadic Green’s functions is presented, their singular behavior at a
source plane is revealed, and the useful expressions for the spectral
and spatial Green’s functions in case of a point source positioned in-
side a bianisotropic slab are obtained.

We start from the equations (18), (23) and (24) for scalar po-
tentials with the source-free boundary conditions at the interfaces:
�Js = �Ms ≡ 0. The solution H, E to the corresponding excitation prob-
lem should exhibit an outgoing wave behavior with z → +∞ . Suppose
that we have a pair of solutions H(�χ, z) ≡ Gsν(�χ, z, z′), E(�χ, z) ≡
Gpν(�χ, z, z′), (ν = p, s), to the abovementioned problem with the
source terms

qp(�χ, z) = (c/4π)δ(z − z′), qs(�χ, z) ≡ 0, (ν = p)
qs(�χ, z) = (c/4π)δ(z − z′), qp(�χ, z) ≡ 0, (ν = s)

(28)
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where δ(z−z′) is the 1D Dirac delta function. From now on the scalar
Green’s functions Gλν(�χ, z, z′), (λ, ν = p, s), are assumed to be at
our disposal in the explicit form. Owing to linearity of the problem for
H, E the following representation of its solution in case of arbitrary
sources qp,s is valid:

E(�χ,z)

= (4π/c)
∫ +∞

0
dz′

[
Gpp(�χ, z, z′)qp(�χ, z′) + Gps(�χ, z, z′)qs(�χ, z′)

]

H(�χ,z)

= (4π/c)
∫ +∞

0
dz′

[
Gsp(�χ, z, z′)qp(�χ, z′) + Gss(�χ, z, z′)qs(�χ, z′)

]
(29)

We are now in a position to develop the spectral Green’s dyads
Ĝαβ(�χ, z, z′). On assigning the distributional sense [25] to the differen-
tiation with respect to z and the integration over z′, interchange them
and take into account the definition (19),(20) of qp,s. When comparing
the result with representation (26), it can be easily seen that

Ĝee(�χ, z, z′) = (4πi/ck0) α̂ee(�n, z′) δ(z − z′)

+ (4πik0/c)
[
�ve(�̃veGpp − �̃weGps) + �we(�̃weGss − �̃veGsp)

]
,

(30)

Ĝem(�χ, z, z′) = −(4πi/ck0) α̂em(�n, z′) δ(z − z′)

+ (4πik0/c)
[
�ve(�̃vmGps + �̃wmGpp)− �we(�̃vmGss + �̃wmGsp)

]

Ĝme(�χ, z, z′) = (4πi/ck0) α̂me(�n, z′) δ(z − z′)

+ (4πik0/c)
[
�vm(�̃veGsp − �̃weGss) + �wm(�̃veGpp − �̃weGps)

]

Ĝmm(�χ, z, z′) = (4πi/ck0) α̂mm(�n, z′) δ(z − z′)

+ (4πik0/c)
[
�vm(�̃vmGss + �̃wmGsp) + �wm(�̃vmGps + �̃wmGpp)

]

Here α̂ee, . . . αmm, �wβ and �vβ are introduced in (14)–(17), �̃wβ and
�̃vβ are vector differential operators acting on z′ and depending on
χ,�n :
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�̃we = �nb′l +�z0b
′
z + k0

−1
[
χ(�np′zl −�z0p

′
ll) + i(�np′zz −�z0p

′
lz)∂

′
z

]
(31)

�̃ve = −�z0 × �n + �nf ′l +�z0f
′
z

+ k0
−1

[
χ(�ns′zl −�z0s

′
ll) + i(�ns′zz −�z0s

′
lz)∂′z

]

�̃we → �̃wm, (bσ → cσ, pστ → qστ ) (32)
�̃ve → �̃vm, (fσ → dσ, sστ → rστ )

In these relations and later we employ a convention that for an arbi-
trary function f(z) of variable z the notation f ′ means the func-
tion f(z′) of variable z′ (but not the derivative of f !), ∂′z = ∂/∂z′.
The formulae (30) constitute a compact scalarized representation for
the spectral dyadic Green’s functions through four scalar Green’s func-
tions. They should be supported with the method of deriving the latter.
The scalar Green’s functions can be expressed through a proper set of
linearly independent solutions to a source-free problem for H, E in full
analogy with the case of an isotropic plane-layered medium [12]. We
defer further discussion of this item. Obviously, it is a key to successful
application of the relations (30).

It is important to emphasize that the derivatives ∂z, ∂
′
z appearing

in (30) are understood in the distributional sense [25]. This is only
essential with regard to the quantities ∂2Gλν/∂z∂z

′, Each of them
contains the usual derivative signified by proper index and the Dirac
delta function:

∂2Gλν(�χ, z, z′)
∂z∂z′

=
∂2Gλν(�χ, z, z′)

∂z∂z′ |usu
− δ(z − z′)hλν(�χ, z′) (33)

where

hλν(�χ, z′) =
∂Gλν(�χ, z, z′)

∂z

∣∣∣∣
z=z′+0

z=z′−0

(34)

This claim is easily verified by applying a well-known rule [25] of dif-
ferentiating a function of the variable z′ with a step-like discontinuity
at z′ = z. If we integrate the differential equations for H(�χ, z) ≡
Gsν(�χ, z, z′), E(�χ, z) ≡ Gpν(�χ, z, z′), (ν = p, s), over z from z′ − η
to z′ + η, (η > 0), and let η → 0 then we obtain a system of linear
algebraic equations for hsν , hpν . A solution for hsν , hpν is
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hss(�χ, z) = Qzz ∆/∆̃,

hsp(�χ, z) = −Rzz ∆/∆̃,

hps(�χ, z) = Szz ∆/∆̃

hpp(�χ, z) = Pzz ∆/∆̃
(35)

The quantities in the right-hand side of these expressions are defined
in Appendix A. On collecting delta-functions in (30) one arrives at a
conclusion that each of the spectral Green’s dyads contains a regular
term labeled with the index rg and a singular term proportional to
δ(z − z′) :

Ĝαβ(�χ, z, z′) = Ĝrg
αβ(�χ, z, z

′) + �z0�z0 δ(z − z′)Aαβ(z′)(4π/ik0c) (36)

(α, β = e,m). The regular constituent Ĝrg
αβ(�χ, z, z

′) is formally ob-
tainable from the expressions (30) for Ĝαβ(�χ, z, z′) after letting out
the first terms with the Dirac deltas and replacing, in the remaining
terms, the generalized derivatives with the usual ones. The quantity
Ĝrg
αβ(�χ, z, z

′) is not defined at z = z′ although it has finite limiting
values at z → z′ ± 0. The quantities Aαβ are given by

Aee(z′) = µzz(z′)/a(z′),
Ame(z′) = ζzz(z′)/a(z′),

Aem(z′) = −ξzz(z′)/a(z′)
Amm(z′) = εzz(z

′)/a(z′)
(37)

a(z′) = εzz(z′)µzz(z′) + ξzz(z′)ζzz(z′)

In these formulae µzz, . . . , ζzz are the components of the respective
constitutive dyads µ̂, . . . , ζ̂ along the axis of stratification (see Ap-
pendix A). We should point out that the regular and singular terms
in (36) are defined in a unique way in obvious contrast to the spatial
dyadic Green’s functions (for references concerning magnetodielectric
media see e.g. [26]). Physically, the relations in (36) reveal singular
behavior of the spectral Green’s dyads at a source plane. From a com-
putational viewpoint, they enable one to evaluate explicitly a contri-
bution due to the singular terms in (26), thus reducing the remaining
operation to integration in usual sense which can be performed by
standard numerical means.

We now proceed with the development of the dyadic Green’s func-
tions in the practically important case where an inhomogeneous bian-
isotropic medium occupies a slab 0 < z < b of finite thickness b,
the halfspace b < z < +∞ is filled with an isotropic magnetodielec-
tric characterized by constant permittivity ε and permeability µ, the
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source point is located within the slab (0 < z′ < b), and the observa-
tion point is situated in the adjacent halfspace (b < z < +∞) — see
Figure 2.

Accounting for the suitable form of the operators in (14) and (15)
and that of Gλν(�χ, z, z′) leads to the following expressions for the
spectral dyadic Green’s functions:

Ĝ
eβ(�χ, z, z

′) = (4πi/c)
[
�z0 × �n�aβp (�χ, z

′) (38)

+ (γ�n−�z0χ)�aβs (�χ, z
′)/k0ε

]
exp

[
iγ(z − b)

]

Ĝ
mβ(�χ, z, z

′) = (4πi/c)
[
�z0 × �n�aβs (�χ, z

′)

+ (�z0χ− �nγ)�aβp (�χ, z
′)/k0µ

]
exp

[
iγ(z − b)

]

(0 < z′ < b < z < +∞)
Here

β = e,m, γ ≡ γ(χ) = (k2 − χ2)1/2, k2 = k2
0εµ (39)

and the branch of the square root in the definition of γ is chosen to
satisfy the condition 0 ≤ arg γ < π. The vectors �aβλ have the di-
mensionless Cartesian coordinates. Physically, they determine the p−,
or horizontally polarized constituent (�aβp ) and the s−, or vertically
polarized constituent (�aβs ) of the EM field created in the adjacent half-
space by the source of the electric (β = e) or the magnetic (β = m)
type immersed into the bianisotropic slab. In the explicit form they
are given as

�aeλ(�χ, z
′)/k0 = �̃veGλp(�χ, b− 0, z′)− �̃weGλs(�χ, b− 0, z′)

�amλ (�χ, z′)/k0 = �̃vmGλs(�χ, b− 0, z′) + �̃wmGλp(�χ, b− 0, z′), (λ = p, s)
(40)

The approximate analytical form of Ĝαβ(�R, �R′) for an observa-
tion point in the lossless adjacent space and the point source within the
bianisotropic slab may be found in the usual manner by the asymptotic
evaluation of an integral in (27) via the saddle point method [12]. With
this purpose, introduce a spherical coordinate system L, θ, ϕ with ori-
gin at the point �R0 = (x′, y′, b) on the outer boundary of the slab (see
Figure 2):
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Figure 2. Geometry for the radiation from a slab.

x− x′ = L cos θ cosϕ, y − y′ = L cos θ sinϕ, z − b = L sin θ (41)

Here L is the distance between the origin �R0 and the observation
point �R : L = [(r − r′)2 + (z − b)2]1/2, θ and φ are, respectively,
the sloping angle and the azimuth angle of the observation point. The
orthonormal basis set �l0,�θ0, �φ0 is defined by the following expressions:

�l0(�R) =
[
�r −�r′ +�z0(z − b)

]
/L = (cos θ cosϕ, cos θ sinϕ, sinθ)

�θ0(�R) =�l0 × �ϕ, �ϕ0(�r) = �z0 × �n0

(42)

where
�n0(�r) = (�r −�r′)/|�r −�r′| = (cosϕ, sinϕ, 0) (43)

On assuming that kL � 1, 0 < θ ≤ π/2 and neglecting the
natural mode contribution in the radiated field (i.e., the contribution
due to eigenmodes and leaky modes of the bianisotropic slab) from
(27) and (38) after standard manipulations [12] one gets the desired
result:
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Ĝ
eβ(�R, �R

′)

= −w�l0(�R)× Ĝ
mβ(�R, �R

′)

= sin θ
[
�ϕ0�a

β
p (�χ0, z

′)− w�θ0�a
β
s (�χ0, z

′)
]
exp (ikL)(2k/cL)

Ĝ
mβ(�R, �R

′)

= w−1�l0(�R)× Ĝ
eβ(�R, �R

′)

= sin θ
[
�ϕ0�a

β
s (�χ0, z

′) + w−1�θ0�a
β
p (�χ0, z

′)
]
exp (ikL)(2k/cL)

(44)
(β = e,m). In (44) w = (µ/ε)1/2 is the impedance of the adjacent
medium, �χ0 = χ0�n0, �n0 is defined in (43) and χ0 = k cos θ. The
quantities �aβλ retain here the same physical contents as in the preceding
relations (38).

The synthesis of the dyadic Green’s functions in case where both
the source point and the observation point are located in the adja-
cent halfspace can be easily achieved by utilizing the dyadic impedance
L̂(�χ, b) for the outer boundary of the slab which is developed in Section
5 and by subsequent use of the dyadic Green’s functions for a halfs-
pace bounded by an anisotropic plane with the nonlocal impedance
[27,28]. (Note that the results of [28] should be slightly modified for
our purposes to account for the dependence of the impedance on �χ),
We omit the analysis of this and other variants in the location of the
observation and the source points for brevity’s sake.

By construction, the expressions for the dyadic Green’s functions
in this section are applicable to 3D sources localized outside the in-
terfaces. Hence, they contain the terms which play no part in case of
a planar excitation. Besides, when the location of the excitation is in
the interface, say z = zs , a limiting operation z′ → zs ± 0 should be
performed. It is more convenient to account for the planar excitation
in an interface from the outset. This idea is implemented in the next
section.

4. Planar Excitation in the Interface

We return to the general model of a plane-layered bianisotropic
medium outlined in Introduction and consider the excitation problem
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for �E(�χ, z), �H(�χ, z) with a planar excitation in the interface. It is as-
sumed that the volume sources are absent (�J = �M ≡ 0), and the only
sources available are the surface sources �Js, �Ms streaming over the in-
terface z = zs. A proper solution for the vector field amplitudes which
exhibits an outgoing wave behavior with z → +∞ can be obtained
via the following relation:

�E(�χ, z) = Ĝs
ee(�χ, z) ◦ �Js(�χ) + Ĝs

em(�χ, z) ◦ �Ms(�χ)
�H(�χ, z) = Ĝs

me(�χ, z) ◦ �Js(�χ) + Ĝs
mm(�χ, z) ◦ �Ms(�χ)

(45)

where Ĝs
αβ(�χ, z), (α, β = e,m) are the spectral dyadic Green’s func-

tions accounting for planar sources at the interface z = zs. If the
inverse Fourier transformation is applied to Ĝs

αβ(�χ, z), one gets the
spatial counterpart

Ĝs
αβ(�R,�r

′) = (2π)−2

∫
d�χ exp

[
i�χ ◦ (�r −�r′)

]
Ĝs
αβ(�χ, z

′) (46)

The knowledge of Ĝs
αβ(�χ, z), Ĝs

αβ(�R,�r
′) is of prior importance in the

study of EM problems for bianisotropic structures loaded by strips,
patches, slots etc.

The aim of this Section is to develop, for a general bianisotropic
structure, the dyadic Green’s functions Ĝs

αβ(�χ, z) in the spectral do-
main and to evaluate the spatial Green’s functions in the far zone of a
point source located in the interface within a bianisotropic slab.

The main tools in our analysis are two linearly independent solu-
tions H = H−j , E = E−j , (j = 1, 2), to source-free (qp,s ≡ 0, �Js = �Ms

≡ 0) equations (18), (23) which obey boundary conditions (24), and
the other two linearly independent solutions H = H+

j , E = E+
j , (j =

1, 2), to the same equations which depict an outgoing wave at z →
+∞. It should be remarked that the functions H−j , E−j are not ex-
pected to satisfy the radiation condition with z → +∞. Similarly,
H+
j , E+

j in general do not obey boundary conditions (24) at z = +0.
On inserting the functions Hρj , E

ρ
j , (ρ = +,−), into the source-free

representation (13) one arrives at the vector functions

�Eρ
j (�χ, z) = �ve Eρj (�χ, z)− �weHρj (�χ, z)

�Hρ
j (�χ, z) = �vmHρj (�χ, z) + �wm Eρj (�χ, z)

(47)
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(j = 1, 2), to be used further on. For our purposes, the knowledge
of Hρj , E

ρ
j over the respective intervals 0 < z < zs, (ρ = −), and

zs < z < +∞, (ρ = +), is sufficient. With these definitions at hand,
one can express Ĝαβ(�χ, z) in a concise form as:

Ĝs
eβ(�χ, z) = ±(4π/c)

2∑
j=1

�E±j (�χ, z)Q±βj(�χ)

Ĝs
mβ(�χ, z) = ±(4π/c)

2∑
j=1

�H±j (�χ, z)Q±βj(�χ)

(48)

where the signs +,− refer to the cases z > zs and z < zs, respec-
tively. For arbitrary �Qρ

βj the quantities �E(�χ, z), �H(�χ, z) in (45) sat-
isfy all the equations for vector field amplitudes except for the bound-
ary condition (5) at a source-carrying interface. For (5) to hold, the
quantities �Qρ

βj must be appropriately chosen. We relegate their ex-
plicit representations to Appendix C.

As a concluding step, let us consider an inhomogeneous bian-
isotropic slab which is adjacent to an isotropic homogeneous magne-
todielectric halfspace. This model has been described earlier in con-
junction with formulae (38). In the present case of a source-carrying
interface, one has for the observation point in the adjacent halfspace
(b < z < +∞) :

Ĝs
eβ(�χ, z)

= (4π/c)
[
�z0 × �n�bβp (�χ) + (�nγ −�z0χ)�bβs (�χ)/k0ε

]
exp

[
iγ(z − b)

]

Ĝs
mβ(�χ, z)

= (4π/c)
[
�z0 × �n�bβs (�χ) + (�z0χ− �nγ)�bβp (�χ)/k0µ

]
exp

[
iγ(z − b)

]
(49)

Here β = e,m,�bβp,s are vectors with the dimensionless Cartesian co-
ordinates, γ is given by (39). The quantities �bβp and �bβs determine,
respectively, the p - (horizontally) and the s - (vertically) polarized
constituents of the EM field which is excited in the adjacent medium
by the tangential surface currents of the electric β = e) or the mag-
netic (β = m) type distributed over the interface z = zs . In the
explicit form they read as :
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�bβp (�χ) =
2∑
j=1

E+
j (�χ, b + 0)Q+

βj(�χ)

�bβs (�χ) =
2∑
j=1

H+
j (�χ, b + 0)Q+

βj(�χ)

(50)

(β = e,m). As to spatial Green’s functions Ĝαβ(�R,�r′), we can evalu-
ate integrals in the right-hand side of (46) via the saddle point method
[12] when the observation point lies in the lossless adjacent medium
(0 < θ ≤ π/2) and kL� 1. We use here the same notations as earlier
in connection with the formulae (41)–(44). In the case under consid-
eration the spatial Green’s functions have the following asymptotic
behavior:

Ĝs
eβ(�R,�r

′) = −w�l0(�R)× Ĝs
mβ(�R,�r

′)

= sin θ
[
�ϕ0

�bβp (�χ0)− w�θ0
�bβs (�χ0)

]
exp(ikL)(2k/icL)

Ĝs
mβ(�R,�r

′) = w−1�l0(�R)× Ĝs
eβ(�R,�r

′)

= sin θ
[
�ϕ0

�bβs (�χ0) + w−1�θ0
�bβp (�χ0)

]
exp(ikL)(2k/icL)

(51)

(β = e,m). The preceding physical interpretation of the quantities �bβλ
holds here as well with the clear reservation that this time one has to
deal with the point source located at �R′ = �R0 = (x′, y′, zs).

The key element of the proposed scheme as well as that from
the next Section is the set of proper solutions H±j , E±j to a source-free
problem. In inhomogeneous regions they can be found analytically with
the aid of WKBJ approximation or numerically via finite difference or
finite element techniques. In homogeneous regions both the aforemen-
tioned numerical methods as well as the standard analytical technique
for solving a system of ordinary differential equations with constant
coefficients are applicable.
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5. Plane-wave Diffraction and Natural Mode Propa-
gation Problems

The goal of the present Section is to provide analytical represen-
tations to the solutions of the aforementioned problems involving an
inhomogeneous bianisotropic slab. This is achieved in a concise and
elegant manner by invoking the concept of the non-local impedance
for a penetrable interface (see, e.g., [18,19]).

We begin with an assumption that there exist no impressed sour-
ces within the region 0 < z < zs. Then the scalar potentials which
describe the EM field due to impressed sources localized in the region
zs ≤ z < +∞ are representable in the ranges 0 < z < zs as

E(�χ, z) = T1E−1 (�χ, z) + T2E−2 (�χ, z)

H(�χ, z) = T1H−1 (�χ, z) + T2H−2 (�χ, z)
(52)

In these expressions, the functions E−j (�χ, z), H−j (�χ, z) have been in-
troduced in Section 4, Tj ≡ Tj(χ) are the coefficients determined by
the impressed sources in the region zs ≤ z < +∞, (j = 1, 2) . On
excluding these coefficients from the conjunction conditions (23) at
z = zs one arrives at the “one-sided” boundary conditions for scalar
potentials (and their first derivatives with respect to z) at z = z + 0 .
These relations are equivalent to an impedance boundary condition for
the vector field amplitudes at z = zs + 0

�Eτ − L̂(�χ, zs) ◦
[
�z0 × �Hτ − (4π/c)�Js

]
= (4π/c) �Ms (53)

with the equivalent dyadic impedance

L̂(χ, zs) =
∑

σ,τ=1,t

�aσ�aτLστ (�χ, zs) (54)

The coordinates Lστ (�χ, zs) of the dyadic impedance L̂(�χ, zs) in the
basis set �al,�at have the following compact form:

Lστ (�χ, zs) =
E−σ1(�χ, z)H

−
τ2(�χ, z)− E−σ2(�χ, z)H

−
τ1(�χ, z)

H−l1(�χ, z)H−t2(�χ, z)−H−l2(�χ, z)H−t1(�χ, z)
∣∣∣∣z=zs−0

(55)
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where σ, τ = l, t, and the quantities E−σj , H
−
σj , (j = l, 2) , are defined

in Appendix C. The dependence of L(�χ, zs) on �χ manifested in (54),
(55) means that the penetrable boundary z = zs can be treated as an
impedance boundary possessing spatial dispersion [18,19]. Note that
L̂(�χ, zs) is determined by the properties of the medium in the region
0 < z < zs and does not depend upon the medium’s properties in the
region zs < z < +∞.

From now on we take that the interface z = zs separates an
inhomogeneous bianisotropic slab (0 < z < zs) and an isotropic ho-
mogeneous magnetodielectric halfspace (zs < z < +∞) . This model
coincides with the one that has been described earlier in connection
with the formulae (38) if one sets zs = b . In what follows we will use
the previous notations referring to this structure without repetition of
their definitions. Also, we shall consider a source-free problem, with
the impressed sources absent: �J = �M ≡ 0 . Then the scalar potentials
pertaining to the region b < z < +∞ can be written as

E(�χ, z) = Ap exp
[
− iγ(z − b)

]
+ Bp exp

[
iγ(z − b)

]

H(�χ, z) = As exp
[
− iγ(z − b)

]
+ Bs exp

[
iγ(z − b)

] (56)

Here Ap,s are (given) complex coefficients which are determined
by the infinitely remote sources residing at z = +∞ , and Bp,s are the
unknown coefficients which determine the wave reflected from the slab.
Inserting (56) into formulae (13) and using (9) leads to a representation
of the total EM field , in the halfspace b < z < +∞ as a superposition
of an incident plane wave

�Ein(�R) = �ein exp(i�kin ◦ �R), �Hin(�R) = �hin exp(i�kin ◦ �R) (57)

and a reflected plane wave
�Er(�R) = �er exp(i�kr ◦ �R), �Hr(�R) = �hr exp(i�kr ◦ �R) (58)

with the amplitudes

�ein = (�atAp − �kin × �atAs/k0ε) exp(iγb) (59)

�hin = (�atAs + �kin × �atAp/k0µ) exp(iγb) (60)

�er = (�atBp − �kr × �atBs/k0ε) exp(iγb)
�hr = (�atBs + �kr × �atBp/k0µ) exp(iγb)



EM waves in a plane-layered bianisotropic medium 241

Here �kin and �kr are, respectively, the 3D wave vectors of the
incident and the reflected plane waves: kin,r = �χ∓�z0γ . It is clear
from (59), (60) that, physically, Ap(Bp) and As(Bs) determine the
p- and the s- polarized constituents for the incident (reflected) plane
wave.

The quantities Bp,s are found by imposing the source-free (�Js =
�Ms ≡ 0) boundary condition (53) to the total field at z = b(= zs) .
In case where

∆r(�χ)

≡
[
γ + εk0Lll(�χ, b)

][
γLtt(�χ, b) + k0µ

]
− εγk0Llt(�χ, b)Ltl(�χ, b)

�= 0
(61)

the solution to Bp,s can be expressed through Ap,s as

Bp = RppAp + RpsAs, Bs = RspAp + RssAs (62)

Rλν ≡ Rλν(�χ) ≡ ∆λν(�χ)/∆r(�χ), (λ, ν = p, s) (63)

∆pp(�χ) = (γ + εk0Lll)(γLtt − µk0)− εγk0LltLtl (64)
∆ss(�χ) = (γ − εk0Lll)(γLtt + µk0) + µγk0LltLtl

∆ps(�χ) = −2µγk0Ltl, ∆sp(�χ) = 2εγ k0Llt

Lστ ≡ Lστ (χ, b), (σ, τ = l, t). The quantity Rλν(�χ) is the complex
reflection coefficient for a ν -polarized incident wave into a λ -polarized
constituent in the reflected wave, (λ, ν = p, s). In case where

∆r(χ) = 0 (65)

the solution for Bp,s exists only for a zero incident field (Ap = As = 0).
This time Bp,s should obey one of the two equivalent relations

[
γ + εk0Lll(χ, b)

]
Bs + εγ Llt(χ, b)Bp/µ = 0

µk0Ltl(χ, b)Bs +
[
γLtt(χ, b) + µk0

]
Bp = 0

(66)

and are otherwise arbitrary. The total field in the halfspace b < z <
+∞ coincides now with �Er, �Hr , defined by (58) and (60). It should
be emphasized that owing to a condition 0 < arg γ < π implied in
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the definition (39) of a multivalued function γ (χ) of complex variable
χ (and similar condition imposed on the multivalued function γc(χ)
in (B5), Appendix B, in case where the halfspace −∞ < z < 0 is
filled with an isotropic homogeneous magnetodielectric medium) any
root �χ of the dispersion equation (65) corresponds to a wave travel-
ing and exponentially decaying from the slab. Such wave represents an
eigenmode of the slab [12]. However, one may consider a multivalued
function ∆r(�χ) ≡ ∆r(χ,�n) of complex variable χ on the other sheets
of its Riemann surface where −π < arg γ < 0 . Any root χ ≡ χ(�n) of
the dispersion equation ∆r(χ,�n) = 0 which is located on one of these
new (irregular) sheets of the Riemann surface of ∆r(χ,�n) corresponds
to a non-spectral, or leaky wave. It exponentially grows from the slab
since for such a root one has Imγ < 0(and/orImγc < 0). In confor-
mity with expectations, the wavenumbers χ ≡ χ�(n) corresponding to
natural modes of the slab (i.e. to the eigenmodes and the leaky modes)
are the poles for the reflection coefficients (63). It is interesting to note
that owing to the dependence of ∆r on �n the type of a natural mode
(i.e. an eigenmode or a leaky mode), as well as the very fact of its
existence may depend upon the direction of propagation given by �n .

With the coefficients Bp,s at hand, one can utilize the continuity
condition for scalar potentials at z = b to derive a system of two
equations with respect to T 1,2 :

T1E−1 (�χ, b− 0) + T2E−2 (�χ, b− 0) = Ap + Bp

T1H−1 (�χ, b− 0) + T2H−2 (�χ, b− 0) = As + Bs
(67)

It enables one to determine the coefficients T1,2 appearing in (52) both
for a plane-wave diffraction problem and a natural mode propagation
problem (Ap = As = 0).

6. Conclusions

We have developed a method for reducing a bulky EM problem in
an arbitrarily layered generally bianisotropic medium through a proper
choice of scalar potentials. The basic equations of this method are
independent of a Cartesian coordinate system in which the constitutive
parameters of a medium are specified, and are distinguished for their
concise and highly symmetric form. The scalarized formulations for
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an excitation, plane-wave diffraction and natural mode propagation
problems are derived. The main emphasis of the present paper is on
the analytical details. Further improvement in the analysis as well as
the examples of numerical investigation via finite difference method
will be reported in future publications.

Appendix A

Anticipating further needs, let us introduce the components of
the constitutive dyads η̂ = ε̂, µ̂, ξ̂ and ζ̂ in the basis set (10) by

ηστ = �aσ ◦ η̂ ◦ âτ , (σ, τ = l, t, z) (A1)

For brevity, we will suppress the dependence of all quantities on �n, z
if no confusion arises. It should be noted that, in fact, ηzz does not
depend on �n and is a function of the z variable only: ηzz = ηzz(z).

By using these notations, the functions Pστ , Qστ , Rστ and Sστ ,
(σ, τ = l, z) , of arguments �n, z are defined as

Pστ = εστ (µllµzz − µzlµlz) + ξσl(µzzζlτ − µlzζzτ )
+ ξσz(µllζzτ − µzlζlτ ) (A2)

Pστ → Rστ , (ε↔ ζ, µ↔ ξ) (A3)
Rστ → Sστ , Pστ → Qστ , (ε↔ µ, ζ ↔ ξ)

Then the quantities pστ , qστ , rστ and sστ , (σ, τ = l, z) encountered
in Sections 2,3 are obtainable from the respective quantities designated
by a capital letter after dividing by ∆ = ∆(�χ) : pστ = Pστ/∆ etc. The
quantity ∆ is defined in (A7), and ∆̃ from formulae (35) is given as

∆̃ = PzzQzz + RzzSzz (A4)

Letting a bar under the quantity signify a matrix, we now introduce a
3×3 matrix η = [ηστ ] composed of the components ηστ , (σ, τ = l, t, z)
of the dyads η̂ = ε̂, µ̂, ξ̂, ζ̂ in the basis set (10), and a 6× 6 matrix

π =
[
µ −ζ
ξ ε

]
(A5)

Let us designate by πpqrs the determinant of a matrix obtainable from π
via striking out p -th and q -th columns and the r -th and s -th rows,
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(p, q, r, s = 1, ...6). With this notation in mind, define the following
functions of variables �n, z :

Bl = π25
45,

Dl = π25
15,

Tl = −π45
25,

Vl = −π24
25,

Bz = −π25
56,

Dz = π25
35,

Tz = π56
25,

Vz = −π26
25,

Cl = π25
12,

Fl = π25
24,

Ul = −π12
25,

Wl = −π15
25,

Cz = −π25
23

Fz = π25
26

Uz = π23
25

Wz = −π35
25

(A6)

∆ = π25
25 (A7)

Then the quantities bσ, cσ, dσ, fσ, tσ, uσ, vσ and wσ, (σ = z, l) , used
in the present paper follow from the respective quantities designated
by the respective capital letters after normalization by ∆ : bσ = Bσ/∆
etc.

In full analogy with the preceding convention let πpr denote the
determinant of a matrix obtainable from π by striking out p -th col-
umn and r -th row, (p, r = 1, ...6). We define at this point the following
functions of �n, z :

δε = π2
2/∆, δµ = π5

5/∆, δζ = π2
5/∆, δξ = −π6

2/∆ (A8)

They figure in relations (21),(22).
It is important to note the following symmetry properties of the

just introduced coefficients :

∆→ ∆ when ε↔ µ, ξ ↔ ζ or when l↔ z (A9)

pστ → qστ , rστ → sστ , bσ → cσ, dσ → fσ, tσ → uσ, vσ → wσ

when ε↔ µ, ξ ↔ ζ, (σ, τ = l, z)
(A10.1)

δε → δµ, δξ → δζ when ε↔ µ, ξ ↔ ζ (A10.2)

pστ → pτσ,

bσ → bτ ,

tσ → tτ ,

qστ → qτσ,

cσ → cτ ,

uσ → uτ ,

rστ → rτσ,

dσ → dτ ,

vσ → vτ ,

sστ → sτσ

fσ → fτ

wσ → wτ

(A11.1)
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when l↔ z, (σ, τ = l, z)

δε → δε, δµ → δµ, δξ → δξ, δζ → δζ when l↔ z (A11.2)

For an isotropic medium with the permittivity ε(z) and permeability
µ(z) one has:

Pzz = Pll = εµ2,

pzz = pll = ε−1,

δε = ε,

Qzz = Qll = µε2,

qzz = qll = µ−1,

δµ = ε

∆ = ε2µ2

∆̃ = ε3µ3 (A12)

The remaining quantities defined by formulae (A2), (A3), (A5) and
(A6) equal identically zero.

Appendix B

For coefficients aλν(χ), bλν(χ) from (24), (λ, ν = p, s) , the ex-
plicit expressions are:

app = 1 + (χqlz/k0 − ul)Ltt
aps = Ltl − (χslz/k0 + wl)Ltt
asp = vl − ulLlt + χ(rlz + qlzLlt)/k0

ass = Lll − wlLlt − tl + χ(plz − slzLlt)/k0

(B1)

bpp = qzzLtt ,

bsp = rzz + qqqLlt,

bps = −szzLtt

bss = pzz − szzLlt
(B2)

Here the variable z entering the right-hand side in (Bl), (B2) should
be taken at z = +0 ,

Lστ ≡ Lστ (�χ) = aσ ◦ L̂(�χ) ◦ �aτ , (σ, τ = l, t) (B3)

For the case where the halfspace −∞ < z < 0 is filled with an isotropic
homogeneous magnetodielectric medium of permittivity εc and per-
meability µc , one has (see e.g. [12,19] ) :

Llt = Ltl = 0, Lll = γc/k0ε, Ltt = k0µc/γc (B4)
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In these relations

γc ≡ γc(χ) = (k2
0εcµc − χ2)1/2, (0 ≤ arg γc < π) (B5)

For the case of a statistically rough interface in an arbitrarily layered
medium, the equivalent dyadic impedance L̂(�χ) has been found in
[21].

Appendix C

The quantities �Qρ
βj(�χ) used in Section 4 can be expanded over

the vectors �al = �n and at = �z0 × �n in the following way:

�Qρ
βj(�χ) = �at r

ρ
βj(�χ)− �al s

ρ
βj(�χ) (C1)

where β = e,m, j = 1, 2, and ρ = ± . To express the coefficients in
the right-hand side of (Cl), let us introduce the projections Eρ

σj , H
ρ
σj

of the vector field amplitudes �Eρ
j ,

�Hρ
j from (47) onto the vectors

�aσ, (σ = l, t, z) :

Eρ
σj(�χ, z) = �aσ ◦ �Eρ

j (�χ, z), Hρ
σj(�χ, z) = �aσ ◦ �Hρ

j (�χ, z) (C2)

In particular, by construction Eρ
tj ≡ E

ρ
j , Hρ

tj ≡ H
ρ
j , where the func-

tions Eρj , H
ρ
j are introduced in Section 4 in connection with formulae

(47). We will speak of the values Eρ
σj(�χ, z), H

ρ
σj(�χ, z) at z = zs in the

sense that these are the limiting values of the respective functions with
z → zs ± 0 for ρ = ± . Last, we introduce a determinant ∆s ≡ ∆s(�χ)
of the matrix 


H+
t1 H+

t2 H−t1 H−t2
E+
t1 E+

t2 E−t1 E−t2
H+
l1 H+

l2 H−l1 H−l2
E+
l1 E+

l2 E−l1 E−l2


 (C3)

composed of the values of the quantities (C2) at z = zs . Then the
coefficient r+

el(�χ) is defined by the expression

r+
el∆s = H+

t2 (E−t1 E
−
l2 − E−t2 E

−
l1) + H−t1 (E−t2 E

+
l2 − E+

t2 E
−
l2)

+ H−t2 (E+
t2 E

−
l1 − E−t1 E

+
l2)

(C4)
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where the terms on the right-hand side are taken at z = zs . The
remaining coefficients are obtainable from the above expressions via
the following transformations:

r+
e1 → r+

e2, (“1”↔ “2”)

r+
ej → r+

mj , (E → H, H → −E)

r+
βj → r−βj , (“ + ”↔ “− ”)

r±βj → s±βj , (“l”↔ “t”)

(C5)

Here β = e,m, j = 1, 2, and “ . . . ” signifies the quantity which
plays the part of an index.
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