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1. Introduction

The idea of generalization of differential and integral operators
with integer orders to those with non-integer (e.g., fractional) orders
is a subject in mathematics [1] which dates back to the late part of
seventeenth century. For many years this area of mathematics, which is
known as fractional calculus , has been the subject of study for many
researchers in pure and applied mathematics [1–3]. This powerful math-
ematical tool has been applied to treatment of selected problems in var-
ious fields of science. The bibliography prepared by Ross and reprinted
in the monograph by Oldham and Spanier [1, pp. 3–15] is an excellent
list of historical survey in this area.

The scalar Helmholtz equation is one of the most basic and im-
portant equations encountered in mathematical treatment of various
phenomena in many areas of physical sciences and engineering [4,5].
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This partial differential equation (operator), along with its Green’s
function, has long been studied in great detail in mathematical physics,
and its applications in treating various problems have been extensively
addressed [see, e.g., 4–7]. For the one-, two-, and three-dimensional
cases, the scalar and dyadic Green’s functions of Helmholtz operator
have been used to describe wave propagation and scattering in classical
electrodynamics [see, e.g., 4]. In a conventional Cartesian coordinate
system (x, y, z), it is required [4, Eq. 7.2.5] that the scalar Green’s
function of the Helmholtz equation satisfies the following equation

∇2G(�r, �r0; k) + k2G(�r, �r0; k) = −δ(�r −�r0) (1.1)

where δ(�r−�r0) ≡ δ(x−x0) δ(y− y0) δ(z− z0) is the three-dimensional
Dirac delta function, �r = x�ax +y�ay + z�az and �r0 = x0�ax +y0�ay + z0�az
are position vectors for the observation and source points, respectively,
�ax , �ay , and �az are the unit vectors in the coordinate system, ∇2

is the Laplacian operator which in the three-dimensional Cartesian
coordinate system is expressed as ∇2 = ∂2

∂x2 + ∂2

∂y2 + ∂2

∂z2 , k is a scalar
constant for a homogeneous isotropic space, and G(�r, �r0; k) is the
scalar Green’s function satisfying the above equation subject to certain
boundary conditions. For the unbounded space (i.e., with boundary
condition of vanishing field at infinity), and for the scalar constant k
independent of position, it can be shown that G(�r, �r0; k) = G(|�r −
�r0|; k). In this case (and for the rest of this paper), without loss of
generality, one can take �r0 = 0 , and thus for the canonical cases of
one-, two-, and three-dimensional delta function sources located at
�r0 = 0 we write the following well-known scalar Green’s functions
in unbounded isotropic media with Sommerfeld’s radiation condition
[7, p. 188-190, Section 28, Eq. 2] satisfied. 1 . For the one-dimensional
Dirac delta function δ1(�r) ≡ δ(x) (i.e., a uniform plate source located
at the y−z plane), 2 the scalar Green’s function for Eq. (1.1) is known

1 Here the outgoing wave is assumed to satisfy the Sommerfeld
radiation condition . More explicitly, if Eq. (1.1) is considered as the
time-harmonic wave equation for a phenomenon with exp(−iω t) time
dependence, the outgoing wave will satisfy limit

|�r|→∞

(
ikG− ∂G

∂|�r|

)
→ 0 [7].

2 It must be noted that our embedding physical space is taken to
be always a three-dimensional space. When we refer to one-, two- or
three-dimensional delta functions, we mean the corresponding delta
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[4, Eq. 7.2.19] to be

G1(�r, �r0; k) = G1(|x|; k) = i
eik|x|

2k
(1.2)

The subscript for δ and G denotes the “dimensionality” of the Dirac
delta function source. In the two-dimensional case, where the two-
dimensional Dirac delta function source δ2(�r) ≡ δ(x) δ(y) (i.e., a uni-
form line source along the z -axis) is considered, one gets the following
Green’s function [4, Eq. 7.2.18] for Eq. (1.1)

G2(�r, �r0; k) = G2(
√
x2 + y2; k) =

i

4
H

(1)
0 (k

√
x2 + y2) (1.3)

where H
(1)
0 (·) is the zeroth-order Hankel function of the first kind

[8, Ch. 9]. Finally for the three-dimensional delta function δ3(�r) ≡
δ(x) δ(y) δ(z) at the origin, the scalar Green’s function [4, Eq. 7.2.17]
for Eq. (1.1) is

G3(�r, �r0; k) = G3(
√
x2 + y2 + z2; k) =

eik
√

x2+y2+z2

4π
√
x2 + y2 + z2

(1.4)

In these well-known Green’s functions, the boundary is assumed to
be at infinity and the outgoing wave is shown. (The time harmonic
excitation with exp(−iω t) is assumed here.) The Green’s functions of
the Helmholtz equation with higher-dimensional Dirac delta functions
( n ≥ 4 where n being an integer order dimension) have been analyzed
and reported in the literature [5, pp. 772–775, pp. 803–804; 7, pp. 232–
234].

In light of the above Green’s functions for the integer-dimensional
delta functions, one can raise the following interesting questions: Does
there exist a source distribution which can be considered effectively
as the “intermediate” step between integer-dimensional Dirac delta
functions? If such a source is given as the source term in the inho-
mogeneous Helmholtz equation, what would the particular solution of
this equation look like? Would that solution be regarded as the “in-
termediate” or “fractional” solution between the well-known Green’s

function is a plate, a line, or a point source, respectively. In Section V,
the embedding space is an n -dimensional space.
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functions for Eq. (1.1) for integer-dimensional Dirac delta function
sources? To clarify these questions and to bring some physical insights
into the motivation behind these questions, let us consider the varia-
tion of the magnitude of above-noted conventional Green’s functions
(given in Eqs. (1.2) through (1.4)) in the far zone. In one-dimensional
case, for the far-zone region where k|x| >> 1 , it can be observed
that |G1(|x|; k)|

k|x|>>1
→

(
1
2k

)
which will be independent of x . For the two-

dimensional case, we get

∣∣∣∣G2(
√

x2+y2; k)

∣∣∣∣
k
√
x2+y2>>1

→ 1
4

√
2

πk
√
x2 + y2

∝(x2 + y2)−1/4 ≡ ρ−1/2

which shows that the magnitude of G2 drops as ρ−1/2 where
ρ ≡

√
x2 + y2 denotes the distance of the observation point from the

line source. And for the three-dimensional case, one gets∣∣∣∣G3(
√

x2+y2+z2;k)

∣∣∣∣
k
√
x2+y2+z2>>1

→ 1

4π
√
x2 + y2 + z2

∝ R−1

where R ≡
√
x2 + y2 + z2 is the distance of the observation point to

the point source at the origin. If an observer sits along the x axis in the
far zone (i.e., kx >> 1 ) and measures the variation of the magnitude
of the Green’s function along the x axis, (s)he would notice that for
one-dimensional delta function source, the magnitude of Green’s func-
tion does not change with x , whereas for the two-dimensional source,
this magnitude drops as |x|−1/2. Now we can recast the above ques-
tions in a different way: Would it be possible to have a scalar solution
for Eq. (1.1) (but with a different source term) whose magnitude, in
some particular direction, say x , drops not as fast as |x|−1/2 , but
also not independent of x ? In other words, could it drop as |x|(1−f)/2

where f is a real number between 1 and 2? 2 What kind of source
distribution should one have in order to obtain such a solution for
Eq. (1.1) with such a property? It must be noted that the idea of
slowly varying localized wave carrying energy in space-time has been
the subject of interest for many researchers and the solutions such as
focus wave modes, localized wave transmission, electromagnetic mis-
siles, and the likes have been suggested [9–12]. In this paper, however,
we use a totally different approach based on fractional calculus, to find
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solutions of Helmholtz equations with the distributed source describ-
able as fractional integral of higher-dimensional Dirac delta functions.
Using the concept of fractional differintegration 3 we present a way to
find such solutions for Eq. (1.1) with their corresponding “intermedi-
ate” source distribution. We call these solutions “fractional” solutions,
since the behavior of their magnitudes in the far zone in a certain direc-
tion follow power-law dependence with a rate (power exponent) being
a continuous fractional number (e.g., in the above example, power ex-
ponent between −1/2 and zero.) We present our analysis in detail for
the case that is intermediate between one- and two-dimensional delta
function source, and we will then address the generalization of these
solutions for any fractional f where n − 1 < f < n , i.e., solution of
the scalar Helmholtz equation with a source term that is effectively
an intermediate case between (n− 1) and n -dimensional Dirac delta
function sources.

2. Fractional Differintegral Relation Between One-
and Two-Dimensional Scalar Green’s Functions of
Helmholtz Operator

Let us consider the two-dimensional Green’s function for Eq. (1.1)
described in Eq. (1.3). It is well known [see, e.g., 15, Section 5–5] that
this Green’s function can be written for x ≥ 0 as the following integral
transform

G2(
√
x2 + y2; k) =

i

4π

∫ ∞
−∞

exp(i
√
k2 − β2x+ iβy)√
k2 − β2

dβ (2.1)

where the contour of integration in the complex β -plane runs from
−∞ to +∞ along the real β axis with infinitesimally small indenta-
tions below and above branch points +k and −k , respectively. The
branch cuts at β = k and β = −k are drawn in the upper half
and the lower half of the complex β plane, respectively. The ex-
pression given in Eq. (2.1) was obtained through expansion of the

3 The term “differintegral”, which was coined by Oldham and Span-
ier in their book [1] to denote “derivatives or integrals to arbitrary
order”, is used in the present work.
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two-dimensional Dirac delta function along the y axis as δ2(�r) ≡
δ(x) δ(y) =

δ(x)
2π

∫ +∞

−∞
exp(iβy) dβ, and for each term δ(x) exp(iβy)

as a source for Eq. (1.1), the solution for the region x ≥ 0 is written as
i exp(i

√
k2−β2x+iβy)

2
√

k2−β2
. For the region x ≤ 0 , i exp(−i

√
k2−β2x+iβy)

2
√

k2−β2
should

be used instead. For the rest of this paper, we assume x ≥ 0 .
One of the commonly used definitions for fractional integral is

that known as the Riemann-Liouville integrals [1, p. 49, Eq. 3.2.3].
It is based on generalization of Cauchy’s repeated integration formula
which is for the n -fold integration of a given function f(x)

aD
−n
x f(x) ≡

∫ x

a
dxn−1

∫ xn−1

a
dxn−2 . . .

∫ x1

a
f(x0)dx0

=
1

(n− 1)!

∫ x

a
(x− u)n−1f(u)du

(2.2)

where aD
−n
x denotes the n th-order integration (with respect to x )

with the lower limit of the integrals being a [1, p. 38, Eq. 2.7.2]. Now
if one replaces −n with ν which is a non-integer negative number
and bears in mind that (n− 1)! = Γ(n) , one will obtain the Riemann-
Liouville definition of fractional integrations. That is

aD
ν
x f(x) ≡

1
Γ(−ν)

∫ x

a
(x− u)−ν−1f(u) du for ν < 0 (2.3)

where Γ(·) is the Gamma function. This is one of the main (and com-
monly used) definitions of fractional integration of a function of one
variable. For other definitions, the reader is referred to [1, Ch. 3]. 4

When we compared Eq. (2.1) with the Riemann-Liouville definition
of fractional integration (Eq. 2.3), we asked ourselves the following
question: Would it be possible to write the expression given for two-
dimensional Green’s function in Eq. (2.1) evaluated at y = 0 , 5 in
terms of the fractional integration of some other function? To answer

4 It is worth mentioning that in [1] symbols like dνf(x)
d(x−a)ν are used

instead of aD
ν
xf(x) which is used by H. T. Davis in [3]. In this paper,

we use the latter.
5 Needless to say, the problem is independent of z coordinate since

the two-dimensional Green’s function is being considered.
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this question, we consider the observation points along the x axis, i.e.,
points with y = 0 . 5 Then, instead of deforming the contour into a
steepest descent contour as is usually done, we expand the integral of
Eq. (2.1) in terms of four integrals along four sections of the real β
axis.

G2(x, y = 0; k) =
i

4π

∫ ∞
−∞

exp(i
√
k2 − β2x)√
k2 − β2

dβ

=
∫ −k
−∞

+
∫ 0

−k
+

∫ k

0
+

∫ ∞
k

(2.4)

The integration along the indentations at the branch points β = ±k
can be shown to be nil when the radius of indentation approaches
zero. Since the integrand in Eq. (2.4) is an even function of β , the
four integrals can be written as the sum of two integrals over the two
segments of the positive real β axis. That is

G2(x, y = 0; k) =
i

2π

∫ k

0

exp(i
√
k2 − β2x)√
k2 − β2

dβ

+
1
2π

∫ ∞
k

exp(−
√
β2 − k2x)√

β2 − k2
dβ

(2.5)

Using change of variables of u ≡
√
k2 − β2 for the first integral in Eq.

(2.5) and q ≡
√
β2 − k2 for the second integral of Eq. (2.5), we obtain

G2(x, y = 0; k) =
i

2π

∫ k

0

exp(iux)√
k2 − u2

du+
1
2π

∫ ∞
0

exp(−qx)√
q2 + k2

dq (2.6)

These two integrals can be evaluated exactly in the closed form
[13, pages 427 and 322] as

First Integral I1 =
(

1
4

)
[iJ0(kx)−H0(kx)] (2.7a)

Second Integral I2 =
(

1
4

)
[H0(kx)−N0(kx)] (2.7b)

where J0(· ) and N0(· ) are the Bessel and Neumann functions of ze-
roth order, and H0(· ) is the Struve function of zeroth order
[8, p. 496] (We use the symbol N0(·) instead of Y0(· ) ). The sum of
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I1 and I2 becomes (i/4)H(1)
0 (kx) which is the zeroth-order Hankel

function of the first kind, and agrees with Eq. (1.3). For large argu-
ment kx >> 1 , the leading asymptotic term of the Struve function
H0(kx) becomes N0(kx) [8, p. 497, Eq. 12.1.30], and thus the sec-
ond integral I2 is negligible. Therefore, the first integral I1 becomes
(i/4)[J0(kx) + iN0(kx)] ≡ (i/4)H(1)

0 (kx) . Therefore, in the far zone
one can write

G2(x, y = 0; k)
kx>>1

≈ I1 =
i

2π

∫ k

0

exp(iux)√
k2 − u2

du (2.8)

With one more change of variable w ≡ u2 in the above equation,
we obtain

G2(x, y = 0; k)
kx>>1

≈ 1
2π

∫ k2

0

1√
k2 − w

i exp(i
√

wx)
2
√

w
dw (2.9)

Comparing Eq. (2.9) with the Riemann-Liouville fractional inte-
gral shown in Eq. (2.3), and using h ≡ k2, one can conclude that

G2(x, y = 0; k)
kx>>1

≈ 1
2
√
π

0D
−1/2
h

[
i exp(i

√
hx)

2
√
h

]

≡ 1
2
√
π

d−1/2

d(k2)−1/2

[
i exp(ikx)

2k

] (2.10)

where h, which is a dummy variable, has been substituted by k2. 6

In other words, for kx >> 1 along the x -axis, the two-dimensional
Green’s function can be expressed in terms of the 0.5th-order integral
or semi-integral (with respect to h ≡ k2 as the variable, and the lower
limit for the fractional integration definition as a = 0 ) of the one-
dimensional Green’s function. Therefore, fractional integration can be
used to link the Green’s functions (in the far zone along the axis of
symmetry) of the Helmholtz operator for the one- and two-dimensional
delta function sources.

6 What this means is that Eq. (2.9) can be explicitly written as
G2(x,y=0;k)
kx>>1

≈ 1
2π

∫ k2

0
1√

k2−k′2
i exp(ik′x)

2k′ d(k′2) which leads to Eq. (2.10).
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3. How About ν th-Order Fractional Integral of One-
Dimensional Green’s Function?

In the previous section, we showed that the two-dimensional scalar
Green’s function for the Helmholtz operator for far points along the
x axis can be expressed in terms of certain semi-integral of the one-
dimensional Green’s function (Eq. (2.10)). More explicitly, if the order
of integration on the one-dimensional Green’s function is 1/2 , we get
some features of two-dimensional Green’s function. However, if the
order of integration is zero, i.e., no operation is done, we are obviously
left with one-dimensional Green’s function. What would we get if we
extend the fractional integration of one-dimensional Green’s function
to the fractional order ν between zero and −1/2 ? Would that provide
us with some aspects of a solution of Helmholtz equation with a source
term which is effectively an “intermediate” source between one- and
two-dimensional delta functions? In order to answer these equations,
let us define ν (fractional order of integration) as a number between 0
and −1/2 and f as a number between one and two. That provides ν ≡
(1− f)/2 . In this case f is a descriptor of intermediary of the source
which is regarded as an intermediate source between one- and two-
dimensional Dirac delta functions. Therefore let us write the following
expression for Ψf (x, y = 0; k) shown below when kx >> 1 where
subscript “ f ” denotes “fractional” aspect of this solution. 7

7 Here and for the rest of this paper, we assume that quantities
such as x , y , u , q , β , etc. are physically dimensionless. Therefore,
applying fractional integration with respect to β on terms such as
delta-function sources does not introduce an inconsistency with the
physical dimensions. If, however, we had assigned physical dimensions
to these quantities, we would have had to compensate the effect of
fractional integration by multiplying the results by a constant with an
appropriate physical dimension. For example, if the two-dimensional
source had been a physical current source denoted as I0δ(x)δ(y) with
unit of Ampre/m 2 , when we had to apply fractional-order integration
(of order α ) with respect to physical length y on this source, the
resulting source should be multiplied by a constant term of physical
dimension l−α (where l has the dimension of length) to ensure that
the resulting current source has still the dimension of Ampre/m 2 .
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Ψf (x, y = 0; k)
kx>>1

∝ d(1−f)/2

d(k2)(1−f)/2

[
i exp(ikx)

2k

]

∝
∫ k

0

exp(iux)
(k2 − u2)(3−f)/2

du

for 1 < f < 2 (3.1)

Working backward to find corresponding first and second integrals
analogous to those given in Eqs. (2.6) and (2.7), we can write

First Integral for fractional case f, I1 ∝
∫ k

0

exp(iux)
(k2 − u2)(3−f)/2

du

for 1 < f < 2 (3.2a)

Second Integral for fractional case f, I2 ∝
∫ ∞

0

exp(−qx)
(k2 + q2)(3−f)/2

dq

for 1 < f < 2 (3.2b)

From the above expressions for I1 and I2 , finally we propose the
following expression for the “fractional” solution of Helmholtz equation
for all points (x, y) in the two-dimensional Cartesian space,

Ψf (x, y; k) ≡
i

4π

∫ +∞

−∞

exp(i
√
k2 − β2x+ iβy)√

k2 − β2(iβ)2−f
dβ for 1 < f < 2

(3.3)
where the integration is over the contour defined for integral in Eq.
(2.1) with additional indentation around the branch point β = 0 . 8

8 It must be mentioned that for two limits of f , i.e., f = 1 and
f = 2 care must be taken in proper evaluation of Eqs. (3.2) and (3.3).
For f = 2 , one gets the previous expressions for G2 and its I1 and
I2 . However for f = 1 , the point β = 0 in Eq. (3.3) is no longer a
branch point but instead a simple pole. As such, the contribution of
contour indentations around this pole would not be nil and should be
taken into account.
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The contour is sketched in Fig. 1A. This indentation is taken to be
from below the branch point β = 0 . In order for Ψf (x, y; k) to sat-
isfy the Helmholtz equation, the source term in the right-hand side of
Eq. (1.1) is no longer a Dirac delta function, and must now be modi-
fied. It can be shown that the appropriate source for such a case can
be written as

Sf (x, y) =
δ(x)
2π

∫ +∞

−∞

exp(iβy)
(iβ)2−f

dβ for 1 < f < 2 (3.4)

where the integration is carried out over a contour along the real β
axis (in the complex β plane) with the indentation around β = 0 at
described above. The integral in Eq. (3.4) can be evaluated [see, e.g.,
14, p. 33, Ch. 3, Eq. 14], and thus this source term Sf (x, y) can be
explicitly given as

Sf (x, y) =




0 for y < 0

δ(x)y1−f

Γ(2− f) for y > 0
for 1 < f < 2

(3.5)
However, it is interesting to note that the source distribution de-
rived in Eq. (3.5) can be expressed in terms of fractional integral of
two-dimensional Dirac delta function δ(x) δ(y) . From the Riemann-
Liouville fractional integral shown in Eq. (2.3), it can be seen that

Sf (x, y) = −∞D
f−2
y [δ(x) δ(y)] =




0 for y < 0

δ(x)y1−f

Γ(2− f) for y > 0

for 1 < f < 2 (3.6)

(Here the lower limit for the Riemann-Liouville fractional integration
is taken to be a = −∞ . However for the fractional integration of Dirac
delta function at the origin, any lower limit a < 0 would provide the
same results.) 9 It can be easily shown that for the limits of f = 1

9 Needless to say, the expression (3.3), which is the solution of
Helmholtz equation with the source term given in Eq. (3.5), can also
be obtained as the convolution of the two-dimensional Green’s function
Eq. (1.3) with Sf (x, y) in (3.5). Here, however, we have followed the
approach presented here to highlight the important features of frac-
tional integration.
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and f = 2 , one gets the expected source distributions, i.e., δ(x) δ(y)
for f = 2 (two-dimensional delta function that is a line source), and
δ(x)U(y) with U(y) as the unit step function in y for f = 1 . We now
go back to the questions we raised in the Introduction about possibility
of a solution whose magnitude could drop as |x|(1−f)/2 in the far zone
along the x direction, and we examine the behavior of Ψf (x, y; k)
along the x axis for far-zone points, i.e., kx >> 1 and y = 0 . For
y = 0 , we can evaluate Ψf (x, y; k) in Eq. (3.3) in closed form. Using
the table of integrals [13, pages 322, 427], after some mathematical
steps the expression is thus given as

Ψf (x, y = 0; k) =
−iΓ((f − 1)/2) cos(fπ/2)

4
√
π

( x
2k

)(2−f)/2
H

(1)
(f−2)/2(kx)

for x > 0 and for 1 < f < 2 (3.7)

where H(1)
(f−2)/2 is the Hankel function of order (f − 2)/2 and of first

kind [8, p. 358]. For kx >> 1 , the magnitude of Eq. (3.7) can be
written as

|Ψf (x, y = 0; k)|
kx>>1

=
Γ((f − 1)/2)| cos(fπ/2)|

4π2(1−f)/2k(3−f)/2
|x|(1−f)/2

∝ |x|(1−f)/2 for 1 < f < 2 (3.8)

The limiting cases of f = 1 and f = 2 for Eqs. (3.7) and (3.8) can be
shown to provide the expected results for the one- and two-dimensional
Green’s function for far-zone points along the x axis. For f = 2 ,
Eq. (3.7) will give the value i

4H
(1)
0 (kx) which is G2(x, y = 0; k)

along the x axis, and in the far zone along this axis Eq. (3.8) will
provide |x|−1/2 as the dependence on x. For f = 1 , using the iden-
tity Γ(z)Γ(1−z) = π/ sin(πz) for 0 < Re z < 1 [8, p. 256, Eq. 6.1. 17],
it can be shown that Eq. (3.7) will become i

4k exp(ikx) which is half
of the value of G1(x; k) shown in Eq. (1.2). The factor 1/2 is resulted
from the fact that in the limit of f = 1 the source term Sf (x, y) in Eq.
(3.6) represents a unit step function in y, and due to such source distri-
bution in the y − z plane, the value of the solutions of the Helmholtz
equation along the x axis is the result of the “symmetric” or “even”
part of this source distribution, namely, the “even” part of the unit
step function along the y axis. This even part of the source is a uni-
form source along the y axis (in the y − z plane) with a magnitude
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1/2 , and hence the factor 1/2 for the limit of Gf (x, y = 0; k) when
f → 1 . The remaining part of the unit step function is a function with
the value of −1/2 for y < 0 , and +1/2 for y > 0 . Due to the asym-
metric or “odd” nature of this remaining part of source distribution,
there is no contribution from it to the observation points along the
x axis. To remove the problem of nonsymmetric distribution of the
source obtained in Eq. (3.6), let us consider only the even portion of
this source (even with respect to the y variable), namely

eSf (x, y) =
[Sf (x, y) + Sf (x, −y)]

2
= (1/2)[−∞Df−2

y δ(x) δ(y) + −∞D
f−2
−y δ(x) δ(y)]

=
δ(x)|y|1−f
2Γ(2− f) for 1 < f < 2 (3.9)

For this symmetric source distribution, Ψf (x , y = 0; k) given in
Eq. (3.7) remains unchanged, since the x axis is the axis of symmetry
for eSf (x, y) .

From Eqs. (3.7) and (3.8), it can be seen that it is possible to
introduce a scalar solution for the Helmholtz equation whose magni-
tude drops as |x|(1−f)/2 along the x axis in the far zone, and the
corresponding source should be of the form given in Eq. (3.6). For the
symmetric distributed source given in Eq. (3.9), the solution for the
Helmholtz equation can be written as

eΨf (x, y; k) ≡
i

8π

∫ +∞

−∞

exp(i
√
k2 − β2x+ iβy)√

k2 − β2(iβ)2−f
dβ

+
i

8π

∫ ∞
−∞

exp(i
√
k2 − β2x− iβy)√

k2 − β2(iβ)2−f
dβ

for x > 0, and 1 < f < 2 (3.10)

where the pre-subscript “ e ” in eΨf (x, y; k) indicates the fact that
this solution is even symmetric with respect to the x−z plane. It must
be noted that in both integrals in Eq. (3.10) the original contours go
along the real β axis from −∞ to +∞ with indentation at β = +k
and β = −k as mentioned for Eq. (3.3). However the indentation at
β = 0 for two integrals are different. For the first integral in the right-
hand side of Eq. (3.10), the indentation is similar to that of Eq. (3.3)
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(i.e., the indentation is from below the branch point β = 0 ), whereas
for the second integral the indentation at β = 0 is from above the
point β = 0 .

When the far-zone observation point is not on the symmetry plane
of x− z, certain asymptotic evaluation of the integral should be used
in order to find the asymptotic expression for eΨf (x, y; k) . Let us
consider the first integral in the right-hand side of Eq. (3.10). Aside
from a factor of 1/2 , this integral is the same as that of Eq. (3.3). When
the asymptotic form of this integral is evaluated, the corresponding
expression for the second integral can be obtained using a symmetry
argument. The contour of integration for this integral is sketched in
Fig. 1A.

Figure 1A. The original contour of integration for Eq. (3.3), Eq. (2.1),

and for the first integral of Eq. (3.10).

The far-zone observation point is at (x, y) with x > 0 and y �= 0 .
As we said earlier, here we take x > 0 . However, once the results for
x > 0 are obtained, the corresponding results for x < 0 can be eas-
ily written using the symmetry argument. In a cylindrical coordinate
system attached to our Cartesian coordinate system, x and y can be
written as x = ρ cos θ and y = ρ sin θ . Since x > 0 , the azimuthal
angle θ varies between −π/2 and +π/2 . Using a change of variable
β = k sinα , the first integral of Eq. (3.10) can be rewritten as

Integral 1 =
i

8π

∫
C

exp[ikρ cos(α− θ)]
(ik sinα)2−f

dα (3.11)

where contour C in the complex α -plane is shown in Fig. 1B.
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Figure 1B. Contour of integration C for Eq. (3.11).

We also note that the branch point is now at αb = 0 and the cor-
responding branch cut is along the positive imaginary α axis. For
kρ >> 1 , this integral can be evaluated using the standard saddle-
point technique (see, e.g., 15, pp. 594–599). However, care must be
taken in dealing with the branch cut along the imaging α axis. The
saddle point is obtained from

d cos(α− θ)
dα

= − sin(α− θ) = 0 → αs = θ (3.12)

The original contour C should now be modified into the steepest de-
scent path passing through the saddle point at αs = θ , and should be
oriented at −π/4 and 3π/4 with respect to the real α axis. If the
observation point has y < 0 , then −π/2 < θ < 0 . Therefore, the
steepest descent path does not cross the branch cut along the posi-
tive imaginary α axis. The deformed path of integration is shown in
Fig. 2A.

Figure 2A. Contour of integration C and the steepest descent contour

(SDC) for Eq. (3.11) when −π/2 < θ < 0.
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In this case, if θ is not too close to branch point αb = 0 , the branch
point has essentially no effect, and the approximate value of Integral
1 is obtained from the saddle-point contribution. That is

Integral 1
kρ>>1

∼= i

8π
(ik sin θ)f−2

√
2π
kρ
eikρ−iπ/4

for − π/2 < θ < 0 and 1 < f < 2 (3.13)

If the observation point has y > 0 , which requires 0 < θ < π/2 , then
the saddle point αs = θ is on the right side of branch point αb = 0 .
In this case, the steepest descent contour should be deformed to go
around the branch cut along the positive imaginary α axis. This is
shown in Fig. 2B.

Figure 2B. Contour of integration C and the steepest descent contour

(SDC) for Eq. (3.11) when 0 < θ < π/2.

In this case, two parts contribute to the value of Integral 1: the saddle-
point contribution and the branch-cut integration. The contribution
from the integration near the saddle point on the steepest descent
path has the form similar to that shown in Eq. (3.13). The branch-
cut integration, however, has to be evaluated. To do so, we follow the
well-known mathematical technique used to evaluate the branch cut
integration such as those involved in the problem of radiation of an
antenna near the interface of two media [see, e.g., 15, pp. 464–472,
Section 15–8]. This branch-cut integration can be rewritten as
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i

8π

∫
Branch Cut

exp[ikρ cos(α− θ)]
(ik sinα)2−f

dα

=
i

8π

∫
A1−A2−A3

exp[ikρ cos(α− θ)]
(ik sinα)2−f

dα

=
i

8π

∫
A1−A2

exp[ikρ cos(α− θ)]
(ik sinα)2−f

dα

− i

8π

∫
A3−A2

exp[ikρ cos(α− θ)]
(ik sinα)2−f

dα

(3.14)

In each of the integrals on the right-hand side of Eq. (3.14), the in-
tegration is along the imaginary α axis. However, for the A1–A2
path, the variable α = |α| exp(−i3π/2) and for the A3–A2 path
α = |α| exp(iπ/2) . We now expand the functions sin(α) and cos(α−θ)
about αb = 0 . We then have

sin(α) ∼= α− 1
3!
α3 + . . .

cos(α− θ) ∼= cos(θ) + α sin(θ)− . . .
(3.15)

Substituting these expansions into the two integrals in the right-hand
side of Eq. (3.14), we get

i

8π

∫
A1−A2

exp[ikρ cos(α− θ)]
(ik sinα)2−f

dα− i

8π

∫
A3−A2

exp[ikρ cos(α− θ)]
(ik sinα)2−f

dα

∼= i

8π

∫
A1−A2

exp {ikρ[cos(θ) + α sin(θ)]}[
ik

(
α− 1

3!α
3
)]2−f dα− i

8π

∫
A3−A2

. . . dα

(3.16)
Since the contribution to these integrals comes primarily from the
vicinity of αb = 0 , we only keep two terms of expansion for cos(α−θ)
and the first term of expansion for sin(α) , and we let the path of in-
tegration from A1-A2 extend to the entire positive imaginary α axis,
i.e., i∞ to 0 . Thus, we get

i

8π

∫
BranchCut

exp[ikρ cos(α− θ)]
(ik sinα)2−f

dα

∼= i exp ikρ cos θ
8π

[1− ei2fπ]
∫ 0

i∞

exp ikρα sin(θ)
(ikα)2−f

dα

(3.17)
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With the change of variable iα = −s , we can rewrite the last integral
as ∫ 0

i∞

eikρα sin(θ)

(ikα)2−f
dα =− i

2f−3

k2−f

∫ ∞
0
sf−2e−kρs sin θds

=− ie
−iπf

k2−f
Γ(f − 1)

(kρ sin θ)f−1

(3.18)

Substituting Eq. (3.18) into Eq. (3.17), after some mathematical steps
we obtain

i

8π

∫
BranchCut

exp[ikρ cos(α− θ)]
(ik sinα)2−f

dα

∼= i

4k2−fΓ(2− f)
exp ikρ cos θ
(kρ sin θ)f−1

(3.19)

Therefore, depending on the location of the observation point, the value
of Integral 1 in Eq. (3.10) is given for 1 < f < 2 as

Integral 1
kρ>>1

∼=




i

8π
(ik sin θ)f−2

√
2π
kρ
eikρ−iπ/4 , for −π

2 < θ < 0

i

8π
(ik sin θ)f−2

√
2π
kρ
eikρ−iπ/4

+
i

4k2−fΓ(2− f)
eikx

(ky)f−1
, for 0 < θ < π

2

(3.20)
provided that θ is not too small. When θ = 0 , we are on the x-
z plane, and we have the exact solution of the integral given in Eq.
(3.7). 10 In fact, the expression given in Eq. (3.20) is half of the far-
zone value of the “fractional” solution of Helmholtz equation shown in
Eq. (3.3) for the source given in Eq. (3.5). (The reason for the factor
of 1/2 is that the portion of the source given in Eq. (3.9) for y > 0 is
half of the source given in Eq. (3.5)). Now the value of Integral 2 of
Eq. (3.10) for the far-zone observation points can be obtained similarly

10 If θ is very close to αb = 0 , the result of the saddle-point integra-
tion given in
Eq. (3.13) and branch-cut integration shown in Eq. (3.19) will no longer
be valid. Instead, a uniform asymptotic evaluation of Integral 1 is
needed.



“Fractional” solutions for the scalar Helmholtz equation 125

using symmetry consideration by replacing θ by −θ , and y by −y.
Combining the values for Integral 1 and 2 of the right-hand side of Eq.
(3.10), we have the following expression for the value of eΨf (x, y; k)
for the far-zone observers when θ is not too small:

eΨf (x, y; k)
kρ>>1

∼=−i
4π

cos
(
fπ

2

)
(k sin |θ|)f−2

√
2π
kρ
eikρ−iπ/4

+
i

4k2−fΓ(2− f)
eik|x|

(k|y|)f−1

for 1 < f < 2 (3.21)

It is worth noting to see that the above far-zone solution to the Helm-
holtz equation with the symmetric source given in Eq. (3.9) has two
parts: a cylindrical wave which drops as ρ−1/2 in the far zone, and
a nonuniform plane wave which propagates in the x direction but
its amplitude drops with y as |y|1−f for 1 < f < 2 . We can show
that when f approaches one of the limits of 1 or 2 , the above so-
lution becomes the asymptotic form for the one and two-dimensional
cases. More specifically, when f = 2 , the symmetric source given in
Eq. (3.9) represents a two-dimensional Dirac delta function at x = y =
0 . In this case, the second term in Eq. (3.21) representing a “plane
wave” portion of the solution disappears due to the Γ(2−f) in its de-

nominator. The first term becomes eΨf=2(x, y; k)
kρ>>1

∼= i

4

√
2
πkρ

eikρ−iπ/4

which is the asymptotic form for i
4H

(1)
0 (kx), as expected. For f = 1 ,

the symmetric source in Eq. (3.9) get the form (1/2)δ(x) , which is
one-dimensional source, e.g., a source plate at the y− z plane. In this
case, the cylindrical term is nil, and the plane-wave part of Eq. (3.21)
becomes (i/4k) exp(ik|x|) which is half of the value of G1(x; k) when
the source is δ(x) .

4. Physical Remarks

On a more intuitive basis, we can describe the above analysis as
follows: we first consider a two-dimensional delta function (line) source.
For this source, the two-dimensional Green’s function is a propagat-
ing (wave) solution with azimuthal symmetry, and drops as ρ−1/2 in
the far zone. Now we apply fractional integration (on dimensionless
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variable y and −y , i.e., on both sides with lower limits needed in
fractional integral definition as −∞ and +∞ , respectively) on the
two-dimensional Dirac delta function. The order of such integration is
f −2 (where f varies between 1 and 2 ), and this f effectively in-
dicates the level of intermediary between one and two dimensions. The
result is a symmetric source in the y − z plane which is given in Eq.
(3.9). It seems as though fractional integral operation has “smeared”
the original Dirac delta function in the y− z plane. Depending on the
value of f , the “smearing” can be extended. For this source the so-
lution of Helmholtz equation is given in Eq. (3.10). On the symmetric
plane x− z, this solution looks like expression given in Eq. (3.7). The
magnitude of this solution drops as |x|(1−f)/2 in the far zone along the
symmetric (i.e., x−z) plane. The rate of drop of this magnitude along
the x axis depends on the fractional order of integration, or “smear-
ing” of the original source. When f approaches unity, the source be-
comes δ(x)/2 which is a uniform one-dimensional source located in
the y− z plane. For this source, the one-dimensional Green’s function
is obtained with a constant magnitude in the far zone. When f = 2 ,
the source becomes a two-dimensional Dirac delta function, 11 and the
magnitude of the function decays as |x|−1/2 in the far-zone along the
x axis. So effectively , the two- and one-dimensional Green’s func-
tions of Eq. (1.1) have been smoothly “connected” by varying the or-
der of fractional integration of two-dimensional delta functions. Since
eΨf (x, y; k) provides a solution whose magnitude along the x axis in
the far zone drops as |x|(1−f)/2 and since this solution is the “interme-
diate” solution between the Green’s functions of the Helmholtz equa-
tions for the one- and two-dimensional Dirac delta function sources, we
name it “fractional” solution of Helmholtz equation. For observation
points outside the x − z plane (and not too close to this plane), we
have also shown that the solution has both cylindrical- and plane-wave
portions, and in the limit of f = 1 and f = 2 , one of these parts
disappears and the other represents the far-zone solution.

It is worth mentioning that with appropriate mathematical care
one can extend the conditions imposed on f to larger values of f, e.g.,
2 < f < 3 . In that case, what does it mean if we choose f greater than

11 Care must be taken in determining the value of the source given
in Eq. (3.9) when f = 2 . For this value of f , no fractional integration
is done on δ(x)δ(y) . In other words, Eq. (3.9) approaches δ(x)δ(y) in
the limit when f → 2 .
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2 ? As an example, let us consider the case where f = 3 . In this case,
the source Sf (x, y) in Eq. (3.5) becomes δ(x)δ′(y) where δ′(y) , the
first derivative of δ(y) [4, p. 837], is a doublet function. This source can
be thought of as two line sources parallel with the z axis with opposite
polarities, located in the y− z plane, and separated along the y axis.
The separation and the magnitude of these two line sources are related
such that δ(x)δ′(y) ≡ δ(x) limit

∆→0

{
I0
∆

[
δ
(
y + ∆

2

)
− δ

(
y − ∆

2

)]}
. Due to

the asymmetry of this source, the solution of Helmholtz equation, in
Eq. (3.3), with such a source distribution will be null along the x− z
plane, and this is confirmed from Eq. (3.7) for f = 3 . Although for the
case of f = 3 the coefficient cos(fπ/2) in the solution given in Eq.
(3.7) is zero and thus Ψf (x, y = 0; k) is zero, it must be noted that its
x -dependence in the far zone along the x axis has the form |x|−1 (al-
beit with multiplicative coefficient of zero). Therefore, the values of f
in general relates to the rate of drop of this function along the x axis.
For observation points outside the x−z plane, one should consider the
asymptotic value of Eq. (3.3) which is proportional to the expression
given in Eq. (3.20) for Integral 1 . In this case, the plane-wave portion
is zero, and the cylindrical part has the form ∼ sin(θ)ρ−1/2 exp(ikρ)
which is proportional to the asymptotic form of sin(θ)H(1)

1 (kρ) , the
radiation from a doublet source. One of the interesting points about
the solution Eq. (3.7) (or Eq. (3.3)) and its corresponding source distri-
bution Sf (x, y) in Eq. (3.5) is that it provides description for all values
of f , including non-integer values. Therefore, one is not restricted to
using the standard canonical source distributions, namely, uniform (or
step function), delta function, doublet functions, etc. Instead, one may
also consider, using fractional integration, source distributions such as
that given in Eq. (3.6), which are “intermediate” distributions between
any one of these canonical ones, and obtain appropriate solutions for
Helmholtz equations as given in Eq. (3.3).

5. Generalization to Higher Dimensions

So far we have discussed scalar solutions of Helmholtz equations
for sources which lie between the cases of one and two-dimensional
Dirac delta functions, i.e. sources given in Eq. (3.6). The above analysis
can be straightforwardly generalized to the sources that are intermedi-
ate cases between n - and (n− 1) -dimensional Dirac delta functions.
Without presenting the detailed mathematical steps, in this section we
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provide mathematical generalization for such intermediate source dis-
tribution and its solution to the Helmholtz equation for n−1 < f < n
(where n is a positive integer).

In an n -dimensional space with Cartesian coordinates (x1, x2,
..., xn−1, xn), the well-known n -dimensional Dirac delta function [5,
pp. 772-775] can be written as

Sn(x1, x2, . . . xn−1, xn) = δ(x1)δ(x2) . . .δ(xn−1)δ(xn) (5.1)

The (n− 1) -dimensional delta function may be written as

Sn−1(x1, x2, . . . xn−1) = δ(x1)δ(x2). . . δ(xn−1) (5.2)

Generalizing Eq. (3.6) to the higher dimensional cases where n− 1 <
f < n , we get the following expression for Sf (x1, x2, . . . , xn−1, xn)
when n− 1 < f < n

Sf (x1, x2, ..., xn−1, xn) =−∞Df−n
xn [Sn(x1, x2, ..., xn−1, xn)]

=




0 for xn < 0

δ(x1)δ(x2). . .δ(xn−1)x
n−f−1
n

Γ(n− f) for xn > 0

for n− 1 < f < n (5.3)

Analogous expression for the even part of the source Sf (x1, x2, ...,
xn−1, xn) is 12

eSf (x1, x2, . . . , xn−1, xn) =(1/2) [Sf (x1, x2, . . . , xn−1, xn)
+Sf (x1, x2, . . . , xn−1, −xn)]

for n− 1 < f < n (5.4)

This symmetric source approaches Sn(x1, x2, ..., xn−1, xn) for f = n
and becomes (1/2)Sn−1(x1, x2, ..., xn−1) when f = n− 1 . Therefore,

12 As pointed out by an anonymous reviewer of this paper, another
generalization can be made when all n delta functions involved in
Eq. (5.1) are replaced by their fractional integrations of various orders.
Here, however, for the sake of mathematical simplicity and physical
clarity we prefer to show one generalization at a time per each step.
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intuitively speaking the source introduced in Eq. (5.4) is effectively
an “intermediate” source between the (n−1) and n -dimensional delta
functions.

As for the relationship between the (n− 1) - and n -dimensional
scalar Green’s functions for the Helmholtz equation, 13 following a sim-
ilar mathematical steps discussed in Section II, we can show that

Gn(x1, x2, ...xn−1, xn = 0; k)
kRn−1>>1

≈ 1
2
√
π

0D
−1/2
h [Gn−1(x1, x2...xn−1;

√
h)]

≡ 1
2
√
π

d−1/2

d(k2)−1/2
[Gn−1(x1, x2...xn−1; k)]

(5.5)
where Gn(· · ·) and Gn−1(· · ·) are symbols for the n - and (n − 1) -
dimensional scalar Green’s functions of the Helmholtz equation, and
Rn−1 is the distance of the observation point in the (n−1) dimensions
from the origin, i.e., Rn−1 ≡ (x2

1 +x2
2 + · · ·+x2

n−1)
1/2. For the solution

of Helmholtz equation with the source given in Eq. (5.3), it can be
shown that

Ψf (x1, x2... xn−1, xn = 0; k)
kRn−1>>1

∝ d(n−f−1)/2

d(k2)(n−f−1)/2
[Gn−1(x1, x2... xn−1; k)]

for n− 1 < f < n (5.6)
which, in the complete form, results in the following final form analo-
gous to Eq. (3.3)

Ψf (x1, x2, · · · , xn−1, xn; k)

≡ 1
2π

∫ +∞

−∞

Gn−1(x1, x2, · · · , xn−1;
√
k2 − β2) exp(iβxn)

(iβ)n−f
dβ

for n− 1 < f < n (5.7)

where the integration is carried out over the real β axis in the complex
β plane with appropriate indentations for the branch points and poles.

13 For the n -dimensional space, the Helmholtz equation would have
the same form as in Eq. (1.1) provided that ∇2 is written in the
n -dimensional form, namely as ∇2 ≡ ∂2

∂x2
1

+ ∂2

∂x2
2

+ · · · + ∂2

∂x2
n

and the

right-hand side source is also n-dimensional Dirac delta function.
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For the symmetric source given in Eq. (5.4), the following solution for
the Helmholtz equation can be given

eΨf (x1, x2, · · · , xn−1, xn; k)

≡ 1
4π

∫ +∞

−∞

Gn−1(x1, x2, · · · , xn−1;
√
k2 − β2) exp(iβxn)

(iβ)n−f
dβ

+
1
4π

∫ +∞

−∞

Gn−1(x1, x2, · · · , xn−1;
√
k2 − β2) exp(−iβxn)

(iβ)n−f
dβ

for n− 1 < f < n (5.8)

Care must be exercised for indentation of contours at branch points
for the two integrals in Eq. (5.7). The appropriate indentations of the
contour around the branch point β = 0 are not the same for the two
integrals in the right-hand side of Eq. (5.8), and these indentations are
similar to those given for Eq. (3.10). This solution, which will approach
the (n− 1) and n -dimensional scalar Green’s functions for f = n− 1
and n respectively, is for the “intermediate” source given in Eq. (5.4).
By generalization, the magnitude of this solution in the far-zone points
along the symmetry hypersurface, i.e., for points with xn = 0 and
kRn−1 >> 1 , drops as

|eΨf (x1, x2, · · · , xn−1, xn = 0; k)|
kRn−1>>1

∝
(√

x2
1 + x2

2 + · · ·+ x2
n−1

) 1−f
2

≡ Rn−1
1−f
2

for n− 1 < f < n (5.9)

Therefore, starting from the Green’s function for the Helmholtz oper-
ator for integer-dimensional delta function source we can “smoothly
collapse” to the (n− 1) dimensional case using the sources described
as (n − f) th-order integral of n -dimensional Dirac delta functions,
where f is any real non-integer number between (n− 1) and n . One
can then continue this process from (n − 1) to (n − 2) , and from
(n− 2) to (n− 3) , and so on until it reaches the Green’s function for
one-dimensional delta function source.
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6. Summary

In this paper, inspired by, and using the concept of fractional
calculus we develop solutions for inhomogeneous Helmholtz equation,
which are effectively “intermediate” solutions between the scalar
Green’s functions for Helmholtz operators with integer-dimensional
Dirac delta function sources. These solutions, which we refer to as
“fractional” solutions, are due to the source distributions describable
as fractional integrals of integer-dimensional Dirac delta functions. We
have shown, that in the far zone along a certain direction, these solu-
tions can be written as fractional integration (with respect to variable
k2 and with the lower limit of zero) of the scalar Green’s function of
the lower integer dimension. We have also shown that for the far-zone
points along a certain direction, the magnitude of these functions can
drop as a function of distance with a rate which is again “interme-
diate” rate between the two corresponding rates of drop for Green’s
functions of the neighboring integer dimensional cases. For the case
of source distribution intermediate between one- and two-dimensional
Dirac delta functions, we have shown that the far-zone field consists
of a cylindrical and a plane wave portion. The analysis reported here
can have potential applications in study of the far-zone radiation from
an extended aperture source with distributed aperture fields similar to
the “intermediate” sources discussed here.
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