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1. Introduction

The electromagnetic scattering by buried objects is complicated
by the presence of the air-earth interface. For applications involving
radar in the HF/VHF/UHF frequency bands, the air-earth interface
is usually rough, defined in extent by the antenna footprint (3-dB
beamwidth). Several authors (Hill, 1988, Hill and Cavecy, 1987, and
Baum, 1994) have investigated the EM scattering by buried objects
when the air-interface is perfectly flat. In this paper, the starting point
for the derivation for the scatter by a buried object is Kern’s (1981)
plane-wave scattering-matrix formulation. Kern’s method provides the
mathematical foundation for the propagation and scattering of plane
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waves in layered media where one or more of the layers contain a scat-
terer. The method is a powerful means for combining the transmit and
receive antenna pattern, the scattering by the buried object, and the
effect of the interface including multiple bounces between the target
and interface (Hill, 1988). The methods and techniques presented in
this paper extend Hill’s results in three areas: 1) the derivation of the
scattering matrix for an ellipsoidal scatterer as a function of its po-
larizability, representing it as a dyad for inclusion in the plane-wave
spectrum representation, 2) the derivation of the matrices accounting
for the multiple reflection between the buried object and the interface,
and 3) the inclusion of the EM backscatter from a rough 3-D interface.

Electromagnetic scattering from rough surfaces is an important
subject in and of itself. In this paper, the derivation for the EM back
scatter from a rough 3-D interface is new in that it uses the dyadic
Green’s function for the magnetic surface fields. The vector integral
equation in terms of the dyadic Green’s function is exact provided the
surface fields satisfy the boundary conditions. This provides a starting
point for the 3-D rough surface scatter in this paper. The formulation
employs both the electric and magnetic surface currents on the finitely
conducting local tangent plane at the point where the incident wave is
specularly reflected with the TE and TM reflection coefficients. For the
case of a perfectly conducting surface, the back scatter result agrees
with Collin’s “New Full Wave Theory” ( Collin, 1992), and at grazing
the result reduces to the correct perturbation answer (Barrick, 1970,
Rice, 1951).

Since the target scatter uses a low-frequency approach, there is
an upper frequency limit beyond which the results are not exact. The
wavelength in the medium is λo/

√
εr , which at 300 MHz is about 50

cm for sandy soil. The physical size of the scatter in a low-frequency
approach is limited in terms of wavelength for the results to be rigor-
ously valid. The use of the Method of Moments (MOM) to solve for the
currents on the scatter and then to cast the solution for the currents ( J
and K ) into the expression for the scattered fields in a form which is
compatible with Kern’s plane-wave spectrum approach is well beyond
the scope of this paper. Therefore, even though the low-frequency ap-
proximation limits the range for rigorously calculating scattered fields,
the low-frequency method is pushed in frequency beyond the strict up-
per limit to obtain approximate results for the scattered fields from the
object. Actually, this approximation may not be as inaccurate as first
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believed, since a scatterer usually has edges instead of being entirely
smooth. These edges cause the scattered fields to increase as a power
of the frequency just as a smooth object does in the Rayleigh region.

All the steps in the mathematical derivations are presented so
that the reader will spend less time understanding the analysis and
referring to an appendix or a long list of references, containing some
of the steps in the approach, and more time of determining the ap-
plicability of the assumptions regarding the physics of the detection
problem. Also, the analysis presented will determine which frequency
band is optimum for detection after applying the associated computer
algorithm to several examples of target size, target depth, radar posi-
tion and frequency band. The application of the computer code to all
these possible scenarios is beyond the scope of this paper.

Figure 1. Geometry for a buried object beneath an air-earth interface.
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2. Incident Field in Moving Frame

In general, the radar or observer is in a moving in relation to the
buried object (e. g., in an unmanned air vehicle, UAV, or a remotely
piloted vehcile, RPV). For the geometry in Figure 1, a z-directed dipole
would only produce a Eθ component of incident field, and this com-
ponent would be in the incidence plane. An x-directed dipole in Figure
1 produces both Eθ and EΦ components of electric field where Eθ is
in the plane of incidence (TM polarization) and EΦ is perpendicular
to the plane of incidence (TE polarization). This is true in the far-field
where the total field can be represented as a superposition of plane
waves. Thus, in general, as the location of the observer in Figure 1
changes, the plane of incidence rotates with respect to the fixed frame
on the earth, and both TM and TE components of the incident field
are present. This is the case even when the dimension of the vertical
aperture, w, in Figure 1 is zero, corresponding to the case of an in-
finitesimally thin dipole oriented along the x-axis (Lo and Lee, 1993).
The derivation of the TM and TE components of the incident field in
the moving frame begins with the definition for the vector potential
given by

A = ex

(
IL

4π

)
eikr

′

R′

R′ =
√
x′2 + y′2 + z′2

H = ∇xA∼= ik
eikR

′

R′

(
ey
z′

R′
− ez

y′

R′

)

HR′ = 0

Hϕ′ = ik

(
IL

4π

) (
eikR

′

R′

)
cosϑ′ cosϕ′

Hϑ′ = ik

(
IL

4π

) (
eikR

′

R′

)
sinϕ′

Eϑ′ = η0Hϕ′ (TM, m = 1 polarization)

Eϕ′ = η0 (TE, m = 2 polarization)

(1)

Pure TM or TE incident polarization will only occur in certain
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directions. For example, φ = π
2 corresponds to pure incident TE po-

larization.

From Figure 1:

eR = −eR′
or

ex sinϑi(t) cosϕi(t) + ey sinϑi(t) sinϕi(t) + ez cosϑi(t)

= −
[
ex′ sinϑ

′(t) cosϕ′(t) + ey′ sinϑ
′(t) sinϕ′(t) + ez′ cosϑ′(t)

]
= −ex sinϑ′(t) cosϕ′(t) + ey sinϑ′(t) sinϕ′(t) + ez cosϑ′(t)

or

ϑi(t) = ϑ′(t)

and

ϕi(t) = π − ϕ′(t)
(2)

3. Antenna Platform Motion

From the motion of the observer in Figure 1,

R(t) = R0 + v(t− t0)

exx0 + eyy0 + ezz0 + exvx(t− t0)
and

(3)

cosϑi(t) =
−z0
R(t)

tanϕi(t) =
y0

x0 + vx(t− t0)

and the incident vector spectra (Kern, 1981) in region 1 is
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[
b1(1,K)
b1(2,K)

]
=

[
cosϑi(t) cosϕi(t)

sinϕi(t)

]
, (4)

The vector spectra (column vector with second argument the wave
number, K ) in Equation (4) is perpendicular to the incident propa-
gation direction. The first argument in the parenthesis corresponds to
either incident TM (first argument = 1) or TE (first argument = 2)
polarization.

Although the motion of the radar platform is included in the above
definitions, the numerical results which are presented later pertain to
a fixed platform at some specified azimuth and elevation and range.
The mathematics to include motion are presented for completeness.

4. Transmitted Fields in Medium 2

The direction of the incident field in medium 2 is determined from
Snell’s law,

sin θ =
sinϑi(t)√

ε′

ε′ = εr +
iσ

ωε0

(5)

and because the plane of incidence extends below the interface in both
media,

ϕ = ϕi(t)

The electric field incident of the target in medium 2 is, using Kern’s
(1981) spectral representation

Einc
2

(
Ri

)
=
a2(m,K)

2π
eik·R

i

a2(m,K) = a2(1,K)
eϑ

cosϑ
+ a2(2,K)eϕ

(6)

where the incident vector spectra in medium 2 is
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[
a2(1,K)
a2(2,K)

]
=

[
T21(1)eikd cosϑ 0

0 T21(2)eikd cosϑ

] [
b1(1,K)
b1(2,K)

]
(7)

and the transmission coefficients for TM and TE polarizations are

T21(1) =
2
√
ε′ − sin2 ϑi(t)√

ε′ − sin2 ϑi(t) + ε′ cosϑi(t)

T21(2) =
2 cosϑi(t)

cosϑi(t) +
√
ε′ − sin2 ϑi(t)

k = k0

√
ε′

(8)

cos θ =

√
ε′ − sin2 ϑi√

ε′
(9)

The incident wave vector is

k = k
(
ex sinϑ cosϕ+ ey sinϑ sinϕ+ ez cosϑ

)
(10)

In Equation (6) the unit vector eϑ is divided by the cosϑ in Kern’s
definition of a vector “transverse” to the z-axis in Figure 1 in order
that this transverse vector, T satisfy the two following conditions:

ek · T = 0

ep · T = 1 ,
(11)

where the transverse vector, T is in the plane of ek and ez and is
given by

T =
eϑ

cosϑ
=

ez
cosϑ sinϑ

− ek
sinϑ (12)

which makes the component of T transverse to the z-axis have unity
magnitude for all incident angles, ϑ .
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5. Scattered Field in Medium 2

The spectra for the field scattered by the target in medium 2 is
given in terms of the scattering matrix as[

b2(1,K)
b2(2,K)

]
=

[
S11 S12

S21 S22

] [
a2(1,K)
a2(2,K)

]
(13)

The derivation of the elements in the scattering matrix, uses the re-
lation between the incident spectra in medium 2 and the asymptotic
scattered far field in medium 2. The scattered field in medium 2 is
given in terms of the induced dipole moment (electric and magnetic)
on the scatterer as

p = α · Ei
2(

α
e
+ α

m

)
· Ei

2

Es
2 =
−k2

4πε
[
eR × (eR × p)

] eikR
R

= −ik cosϑb2(m,K)
eikR

R

α =



αxx 0 0
0 αyy 0
0 0 αzz




(14)

where the components of the polarizability are given by (Van de Hulst,
1957, Ishimaru, 1991)
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αii =
V ε0

Li + 1
n2−1

V =
4
3
πabc =

4
3
πca2

e2 = 1−
(a
c

)2

Lz =
1− e2

e2

(
−1 +

1
2e

ln
1 + e

1− e

)

Lx = LY =
1
2
(1− Lz)

n2 = εr,targ +
iσtarg
ωε0

(15)

where, for a prolate spheroid,

Lx = Ly < Lz (16)

A prolate spheroid can be deformed into long needle-like objects (high
Q scatterers) or a sphere (low Q scatterer). For a perfect conductor,

αi =
V

Li

Expanding the dipole moment,

p = (αxxexex + αyyeyey + αzzezez)

·
[
a2(1,K)

eϑ
cos

+ a2(2,K)eϕ
]

= (αxxexex + αyyeyey + αzzezez)·

·
[a2(1,K)

cosϑ
(
ex cosϑ cosϕ+ ey cosϑ sinϕ− ez sinϑ

)
+ a2(2,K)

(
−ex sinϕ+ ey cosϕ

) ]
(17)

= αxxex [a2(1,K) cosϕ− a2(2,K) sinϕ]

+ αyyey[a2(1,K) sinϕ+ a2(2,K) cosϕ]

− αzzeza2(1,K) tanϑ (18)
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The components of the expansion of the vector triple product for the
scattered electric field become

eR · p = αxx
[
a2(1,K) sinϑ cos2 ϕ− a2(2,K) sinϑ sinϕ cosϕ

]
+ αyy

[
a2(1,K) sinϑ sin2 ϕ+ a2(2,K) sinϑ sinϕ cosϕ

]
− αzza2(1,K) sinϑ

(19)

eR
(
eR · p

)
− p =

ex



αxx

(
sin2 ϑ cos2 ϕ− 1

)
[a2(1,K) cosϕ− a2(2,K) sinϕ]

+αyy sin2 ϑ sinϕ cosϕ[a2(1,K) sinϕ+ a2(2,K) cosϕ]
−αzza2(1,K) sin2 ϑ cosϕ




+ey




αxx sin2 ϑ sinϕ cosϕ[a2(1,K) cosϕ− a2(2,K) sinϕ]
+αyy(sin2 ϑ sin2 ϕ− 1)[a2(1,K) sinϕ+ a2(2,K) cosϕ]

−αzza2(1,K) sin2 ϑ sinϕ




+ez




αxx sinϑ cosϑ cosϕ[a2(1,K) cosϕ− a2(2,K) sinϕ]
+αyy sinϑ cosϑ sinϕ[a2(1,K) sinϕ+ a2(2,K) cosϕ]

αzza2(1,K) sin3 ϑ
cosϑ




(20)

Using Kern’s expression for the vector spectrum for an elementary
electric dipole of moment p , from Example 2.2 - 4 on page 127,

b2(m,K) =
( −ik

4πε0ε′

) [
eR(eR · p)− p

]
cosϑ

(21)

and the following alternate general expression for the vector scattered
spectra in region 22 in terms of the scalar spectra,

b2(m,K) = −b2(1,K)
cosϑ

eϑ + b2(2,K)eϕ (22)

which can be expanded in terms of its x-, y-, and x-components as
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b2(m,K) =

− b2(1,K)
cosϑ

(
ex cosϑ cosϕ+ ey cosϑ sinϕ− ez sinϑ

)
+ b2(2,K)(−ex sinϕ+ ey cosϕ)

= −ex(b2(1,K) cosϕ+ b2(2,K) sinϕ)

+ ey(−b2(1,K) sinϕ+ b2(2,K) cosϕ)

+ ezb2(1,K)
sinϑ
cosϑ

(23)

and equating Equations (21) and (43) (except for the term −ik
4πε ) yields

the components of the scattered in terms of the polarizability of the
scatterer

b2(1,K) = αxx cosϑ cosφ[a2(1,K) cosϕ− a(2,K) sinϕ]

+ αyy cosϑ sinϕ[a2(1,K) sinϕ+ a2(2,K) cosϕ]

+ αzza2(2,K)
sin2 ϑ

cosϑ

b2(2,K) = αxx

(
sinϕ
cosϑ

)
[a2(1,K) cosϕ− a2(2,K) sinϕ]

− αyy

(cosϕ
cosϑ

)
[a2(1,K) sinϕ+ a2(2,K) cosϕ]

(24)

The scattering matrix in medium 2 becomes[
S11 S12

S21 S22

]
=




[
cosϑ(αxx cos2 ϕ+ αyy sin2 ϕ) + αzz

sin2 ϑ
cosϑ

]
− sinϕ cosϕ

cosϑ (αxx − αyy)

cosϑ sinϕ cosϕ(αxx − αyy)
− 1

cosϑ(αxx sin2 ϕ+ αyy cos2 ϕ)

]
(25)
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Neglecting multiple reflections between the target and the interface, the
scattered spectra in region 1 becomes the sum of the specular reflection
from the interface (if the surface is rough this term is modified by an
additional rough surface scattering matrix as will be shown later) and
the return from the buried object as

[
a1(1,K)
a1(2,K)

]
=

[
R11(1) 0

0 R11(2)

] [
b1(1,K)
b1(2,K)

]

+

[
T12(1)eikd cosϑ 0

0 T12(2)eikd cosϑ

] [
b2(1,K)
b2(2,K)

]

T12(1) =
2ε′ cosϑi(t)

ε′ cosϑi(t) +
√
ε′ − sin2 ϑi(t)

T12(2) =
2
√
ε′ − sin2 ϑi(t)

cosϑi(t) +
√
ε′ − sin2 ϑi(t)

R11(1) =
−ε′ cosϑi +

√
ε′ − sin2 ϑi(t)

ε′ cosϑi +
√
ε′ − sin2 ϑ(t)

R11(2) =
cosϑi(t)−

√
ε′ − sin2 ϑ(t)

cosϑi(t) +
√
ε′ − sin2 ϑ(t)

(26)

In Equation (26), R11(1) is the negative of the usual difinition because
of the direction of the positive axis in Figure 1, and θ is measured
with respect to the negative z-axis. Note, that the effects of refraction
in medium 2 are taken into account in the transmission matrix in
Equation (26) in the argument of the exponentials where both the
wave number, k, and the angle ϑ , the wave makes with the z-axis
in medium 2. The transmission coefficients, T12(1) , and T12(2) also
include the refraction effects of medium 2.
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6. Scattered Field in Medium 1

The scattered far-field in region 1 in terms of the scattered spectra
is (derived by performing a stationary phase integration on

∫∞
−∞ dkx∫∞

∞ dkyf(γ, kx, ky) )

ES
1 = −ik0| cosϑi(t)|

eik0R

R

[
a1(1,K)

eϑ
cosϑi(t)

+ a1(2,K)eϕ

]
(27)

The factor cosϑ comes from the stationary phase integration as fol-
lows. The integral is given by∫ ∞

−∞
dkx

∫ ∞
−∞

dkye
i(kxx+kyy−z

√
k2−k2

x−k2
y)f(kx, ky) (28)

and the stationary phase points are solutions to(
δg

δkx

)
: x− z√

k2 − k2
x − k2

y

= 0

(
δg

δky

)
: y − z√

k2 − k2
x − k2

y

= 0
(29)

g = kxx+ kyy − z
√
k2 − k2

x − k2
y

and the amplitude term from the stationary phase integration gives

1√
δ2g

δk2
x

δ2g

δk2
y

−
(

δ2g

δkxδky

)2
= k cosϑ

(30)

Explicitly, the vector spectra in medium 1 in terms of the scattering
matrix, the transmission and reflection coefficients and the propagation
loss through the medium are
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a1(1,K) = R11(1) cosϑi(t) cosϕi(t)

+
(
k0

4π

)
ei2k0d

√
ε′−sin2ϑi(t)

[
T12(1)S11T21(1) cosϑi(t) cosϕi(t)

−T12(1)S12T21(2) sinϕi(t)

]

a1(2,K) = R11(2) sinϕi(t)

+
(
k0

4π

)
ei2k0d

√
ε′−sin2 ϑi(t)

[
T12(2)S21T21(1) cosϑi(t) cosϕi(t)

−T12(2)S22T21(2) sinϕi(t)

]

(31)

which includes the effects of refraction in medium 2 in the transmission
coefficient terms in the matrices, and in the argument of the exponen-
tial multiplying the matrices. This refraction changes the wave direc-
tion, or scattering pattern of the buried target in going from medium
2 to medium 1. This is the same approach used by Hill (1988).

7. Multiple Reflections

When a single multiply reflected ray between the target and the
interface occurs, the scattered spectra, in Equation (31) is modified,
assuming plane wave scatter in medium 1, as
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[
a1(1,K)
a1(2,K)

]
=

[
R11(1) 0

0 R11(2)

] [
b1(1,K)
b1(2,K)

]

+

[
T12(1)eikd cosϑ 0

0 T12(2)eikd cosϑ

] [
S11 S12

S21 S22

]
·

·
[
T21(1)eikd cosϑ 0

0 T21(2)eikd cosϑ

] [
b1(1,K)
b1(2,K)

]

+

[
T12(1)eikd cosϑ 0

0 T12(2)eikd cosϑ

] [
S11 S12

S21 S22

]
·

·
[
R22(1)ei2kd cosϑ 0

0 R22(2)ei2kd cosϑ

]

·
[
S11 S12

S21 S22

] [
T21(1)eikd cosϑ 0

0 T21(2)eikd cosϑ

]
·

·
[
b1(1,K)
b1(2,K)

]

(32)

and performing the multiplication’s in the last three matrices in Equa-
tion (32) gives the following intermediate result

[
T21(1)S11e

ikd cosϑb1(1,K) T21(2)S12e
ikd cosϑb1(2,K)

T21(1)S21e
ikd cosϑb1(1,K) T21(2)S22e

ikd cosϑb1(2,K)

]
(33)

and multiplying (33) by the last matrix on line 3 of Equation (32) gives
the next intermediate result[

R22(1)T21(1)S11e
i3kd cosϑb1(1,K)

R22(2)T21(1)S21e
i3kd cosϑb1(1,K)

R22(1)T21(2)S12e
i3kd cosϑb1(2,K)

R22(2)T21(2)S22e
i3kd cosϑb1(2,K)

] (34)
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and multiplying (34) by the second matrix on line 3 of Equation (32)
gives the next intermediate result




(
R22(1)T21(1)S2

11e
i3kd cosϑb1(1,K)

+R22(2)T21(1)S21S12e
i3kd cosϑb1(1,K)

)

(
R22(1)T21(1)S11S21e

i3kd cosϑb1(1,K)

+R22(2)T21(1)S21S22e
i3kd cosϑb1(1,K)

)

(
R22(1)T21(2)S12S11e

i3kd cosϑb1(2,K)

+R22(2)T21(2)S12S22e
i3kd cosϑb1(2,K)

)

(
R22(1)T21(2)S12S21e

i3kd cosϑb1(2,K)

+R22(2)T21(2)S2
22e

i3kd cosϑb1(2,K)

)



(35)

and multiplying (35) by the first matrix on line 3 of Equation (32)
gives the next intermediate result




(
R22(1)T21(1)T12(1)S2

11e
i4kd cosϑb1(1,K)

+R22(2)T21(1)T12(1)S21S12e
i4kd cosϑb1(1,K)

)

(
R22(1)T21(1)T12(2)S11S21e

i4kd cosϑb1(1,K)

+R22(2)T21(1)T12(2)S21S22e
i4kd cosϑb1(1,K)

)

(
R22(1)T21(2)T12(1)S12S11e

i4kd cosϑb1(2,K)

+R22(2)T21(2)T12(1)S12S22e
i4kd cosϑb1(2,K)

)

(
R22(1)T21(2)T12(2)S12S21e

i4kd cosϑb1(2,K)

+R22(2)T21(2)T12(2)S2
22e

i4kd cosϑb1(2,K)

)



(36)
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which can be factored to yield the final result for the spectra in region
1, for the multiple bounce as

a1(1,K) =
(
k0

4π

)
T12(1)ei4kd cosϑ

{
[R22(1)S2

11 +R22(2)S21S12]T21(1)b1(1,K)
+[R22(1)S11 +R22(2)S22]T21(2)S12b1(2,K)

}

a1(2,K) =
(
k0

4π

)
T12(2)ei4kd cosϑ

{
[R22(1)S11 +R22(2)S22]T21(1)S21b1(1,K)

+[R22(1)S12S21 +R22(2)S2
22]T21(2)b1(2,K)

}
(37)

Equation (37) can be substituted into Equation (27) to find the scat-
tered field in region 1. In addition, the multiple bounce requires the
following two additional reflection coefficients

R22(1) =
ε′ cosϑi(t)−

√
ε′ − sin2 ϑi(t)

ε′ cosϑi(t) +
√
ε′ − sin2 ϑi(t)

R22(2) =
− cosϑi(t) +

√
ε′ − sin2 ϑi(t)

cosϑi(t) +
√
ε′ − sin2 ϑi(t)

(38)

8. Diffuse Scatter from a 2-D Facet Interface

Although the main EM rough surface back scatter result is for
the case of a 3-D interface in the next section, the 2-D case is also
included for completeness. When the interface between the two media
is rough the scattered spectra in region 1 need to be multiplied by an
additional scattering matrix representing the rough surface as

[
R11(1) 0

0 R11(2)

] [
b1(1,K)
b1(2,K)

] [
Srough11 (1) 0

0 Srough11 (2)

]
(39)
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where the “roughness scattering matrix” is derived using the following
rigorous expression for the field scattered by the terrain in terms of the
surface currents

ES(r) = ikη0

∫
Li

Γ · Jdl +
∫
Li

∇G×Kdl, (40)

with the geometry for the faceted surface shown in Figure 2 together
with the geometry for the scattered field in Equation (40).

Figure 2. Geometry for 2-D scatter from a faceted surface.

In Equation (40) the dyadic Green’s function is

Γ =
(
I +

1
k2
∇′∇′

)
G (41)

and
∇′G∼=− ikeRG

∼=− ik
(
−ex sin θi(t) + ey cos θi(t)

)
G

(42)

so that

Γ =




exex cos2 θi(t) exey sin θi(t) cos θi(t) 0

eyex sin θi(t) cos θi(t) eyey sin2 θi(t) 0
0 0 ezez


 (43)
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The electric and magnetic currents in Equation (40) are

J = JTE + JTM

K = KTE +KTM

(44)

and in terms of the incident field are given by

JTE = (1−RTE)
(
H inc · eT

)
ez

JTM = −(1 +RTM )
(
H inc · ez

)
eT

KTE = (1 +RTE)
(
Einc · ez

)
eT

KTM = −(1−RTM )
(
Einc · eT

)
ez

(45)

and the unit-normal and unit-tangent vectors are given by

en =
−y′(x)ex + ey√

a+ (y′)2

eT =
−y′(x)ey + ex√

1 + (y′)2
= ez × en

(46)

Figure 3. Geometry for approximating the distance R in the far-field.
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If the source and observer are in the far-field, the distance R can be
approximated as follows together with the help of Figure 3.

R =
√

(x− x′)2 + (y − y′)2

∼=
√
x2 − 2xx′ + y2 − 2yy′

∼=
√
r2 − 2(xx′ + yy′)

∼=r −
(
x′ sin θi(t) + y′ cos θi(t)

)
(47)

The incident fields for the TM case is

Einc =
(
ex cosϑi(t) + ey sin θi(t)

)
e−ik(x

′ sin θi(t)+y′ cos θi(t))

H inc =
ez
η0
e−ik(x

′ sin θi(t)+y′ cos θi(t))
(48)

and for the TE case

Einc = eze
−ik(x′ sin θi(t)+y′ cos θi(t))

H inc =
−1
η0

(
ex cos θi(t) + ey sin θi(t)

)
e−ik(x

′ sin θi(t)+y′ cos θi(t))
(49)

The elemental integration length dl is

dl =
√

1 + [y′(x)]2dx′ (50)

and substituting Equations (42) through (50) into Equation (40) yields
the following scattered field for TM polarization

ES
TM = −eϕ2ikRTM

eikr

r
Ii (51)

where the integration over the i-th segment is given by

Ii =
∫ xi+t

xi

(
cosϑi −

dh

dx′
sinϑi

)
e−i2k(x

′ sin θi(t)+h(x′) cos θi(t))dx′ (52)
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and h(x) is the height of the terrain. Similarly, the scattered TE field
is

ES
TE = −2ikRTEez

eikr

r
Ii (53)

The total scattered field for the TM and TE cases is obtained by sum-
ming over the total number of segments. This result assumes the seg-
ment lengths are longer than the wavelength and that almost no shad-
owing occurs.

9. Diffuse Scatter from a 3-D Facet Interface

The geometry for the 3-D problem is shown in Figure 4.

Figure 4. Geometry for the coherent backscatter from a 3-D rough

surface.

The scattered field in terms of the surface currents is (Chew, 1995, p.32,
eq’n. 1.4.20), in analogy with Equation (40), for e−iωt time convention,

Es(r) = −
∫ x2

x1

dx′
∫ y2

y1

dy′
(
−iωµ0Γ · J +K ×∇G

)
(ez · en)−1

(54)



392 Ott

and since J ∝ 1
η0

and ∇G = −∇′G ,

Es(r) =
∫ x2

x1

dx′
∫ y2

y1

dy′
(
ikΓ · J +K ×∇′G

)
(ez · en)−1

(55)

In Equation (55), the terms in the integrand are

Γ =
(
I +

1
k2
∇′∇′

)
G

(
r, r′

)

G
(
r, r′

)
=

eikR

4πR
, R =

√
(x− x′)2 + (y − y′)2 + (z − z′)2

∇′G∼=− ikeRG

(56)

In the Fraunhoffer region, and for the backscatter case,

eR
∼=er = ex sinϑi cosϕi + ey sinϑi sinϕi + ez cosϑi

∇′∇′ = −k2eReRG
(57)

and substituting (57) into (56)

Γ =

exex(1− sin2 ϑi cos2 ϕi) −exey sin2 ϑi sinϕi cosϕi
−eyex sin2 ϑi sinϕi cosϕi eyey

(
1− sin2 θi sin2 ϕi

)
−ezex sinϑi cosϑi cosϕi −eyey sinϑi cosϑi sinϕi

−exez sinϑi cosϑi cosϕi
−eyez sinϑi cosϑi sinϕi

ezez sin2 ϑi


(

eikR

4πR

)
(58)

The incident TM and TE electric fields are

Einc
TE =

(
Einc · eT

)
eT

Einc
TM = Einc −

(
Einc · eT

)
−

(
Einc · en

)
en

eT =
eR × en
|eR × en|

=




ex(sinϑi sinϕi + ζy cosϑi)
+ey(− sinϑi cosϕi − ζx cosϑi)

+ez(ζx sinϑi sinϕi − ζy sinϑi cosϕi)




(59)
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where only terms to the first order in the slope have been retained,
and the total (incident plus reflected fields) on the rough surface are

Etotal
TE = (1 +RTE)

(
Einc · eT

)
eT

Etotal
TM = (1−RTM )

[
Einc −

(
Einc · eT

)
eT −

(
Einc · en

)
en

]
Htotal
TM = (1−RTM )

(
H inc · eT

)
eT

Htotal
TE = (1−RTE)

[
H inc −

(
H inc · eT

)
eT −

(
H inc · en

)
en

]
Etotal = Etotal

TE + Etotal
TM

= (1−RTM )Einc + (RTE +RTM )
(
Einc · eT

)
eT

− (1−RTM )
(
Einc · en

)
en

Htotal = Htotal
TE +Htotal

TM

= (1−RTE)H inc + (RTE +RTM )
(
H inc · eT

)
eT

− (1−RTE)
(
H inc · en

)
en

(60)

Then, the total electric and magnetic currents on the surface are

K = −en × Etotal

= −(1−RTM )
(
en × Einc

)
− (RTE +RTM )

(
Einc · eT

)
[eR − en(eR · en)]

J = en ×Htotal

= (1−RTE)
(
en ×H inc

)
+ (RTE +RTM )

(
H inc · eT

)
[eR − en(eR · en)]

(61)
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For the case of a TM incident wave:

Einc = eϑe
−ikr(

ex cosϑi cosϕi + ey cosϑi sinϕi − ez sinϑi
)

· · · e−ik(x′ sinϑi cosϕi+y′ sinϑi sinϕi+z′ cosϑi)

H inc =
(−eϕ

η0

)
e−ikr

(
ex sinϕi − ey cosϕi

)
η0

· · · e−ik(x′ sinϑi cosϕi+y′ sinϑi sinϕi+z′ cosϑi)

(62)

and for a TE incident wave

Einc = eϕe
−ikr

=

(
−ex sinϕi + ey cosϕi

)
η0

· · · e−ik(x′ sinϑi cosϕi+y′ sinϑi sinϕi+z′ cosϑi)

H inc =
eϑ
η0

e−ikr

=

(
ex cosϑi cosϕi + ey cosϑi sinϕi − ez sinϑi

)
η0

· · · e−ik(x′ sinϑi cosϕi+y′ sinϑi sinϕi+z′ cosϑi)

(63)
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Performing the algebra for the TM case:

en × Einc =




ex (ζy sinϑi − cosϑi sinϕi) +
ey (−ζx sinϑi + cosϑi cosϕi)

+ez (−ζx cosϑi sinϕi + ζy cosϑi cosϕi)


 e−ikr

Einc · eT = (−ζx sinϕi + ζy cosϕi) e−ikr

eR − en (eR · en) = ex (sinϑi cosϕi + ζx cosϑi) +

· · ·+ ey (sinϑi sinϕi + ζy cosϑi) +

· · ·+ ez (ζx sinϑi cosϕi + ζy sinϑi sinϕi)(
Einc · eT

)
[eR − en (eR · en)] =



ex (−ζx sinϕi + ζy cosϕi)
(sinϑi cosϕi + ζx cosϑi)

+ey (−ζx sinϕi + ζy cosϕi)
(sinϑi sinϕi + ζy cosϑi)

+ez (−ζx sinϕi + ζy cosϕi)
(ζx sinϑi cosϕi + ζy sinϑi sinϕi)




(64)
and substituting (64) into (61) gives

K = −




(1−RTM )


ex(ζy sinϑi − cosϑi sinϕi)
+ey(−ζx sinϑi + cosϑi cosϕi)

+ez(−ζx cosϑi sinϕi + ζy cosϑi cosϕi)




(RTE +RTM )(−ζx sinϕi + ζy cosϕi)


ex(sinϑi cosϕi + ζx cosϑi)
+ey(sinϑi sinϕi + ζy cosϑi)

+ez(ζx sinϑi cosϕi + ζy sinϑi sinϕi)







e−ikr

(65)



396 Ott

and for the electric currents,

en ×H inc =
1
η0

[
ex cosϕi + ey sinϕ+ ez(ζx cosϕi + ζy sinϕi)

]
e−ikr

H inc · eT =
1
η0

(sinϑi + ζx cosϑi cosϕi + ζy cosϑi sinϕi) e−ikr

(66)
and substituting (66) into (61) gives

J =




(1−RTE)[ex cosϕi + ey sinϕi

+ez(ζx cosϕi + ζy sinϕi)]

+(RTE +RTM )( sinϑi + ζx cosϑi cosϕi

+ζy cosϑi sinϕi)


ex(sinϑi cosϕi + ζx cosϑi)

+ey(sinϑi sinϕi + ζy cosϑi)

+ez(ζx sinϑi cosϕi + ζy sinϑi sinϕi)







e−ikr

η0
(67)

Substituting (67) in (54) gives
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Γ · J =


(1−RTE)




ex(cosϕi cos2 ϑi − sinϑi cosϑi cosϕi
{ζx cosϕi + ζy sinϕi})

+ey(sinϕi cos2 ϑi − sinϑi cosϑi sinϕi
{ζx cosϕi + ζy sinϕi})

+ez(− sinϑi cosϑi + sin2 ϑi

{ζx cosϕi + ζy sinϕi})




+(RTE +RTM )(sinϑi + cosϑi
{ζx cosϕi + ζy sinϕi})

· · ·




ex(sinϑi cos2 ϑi cosϕi
+ζx cosϑi{1− 2 sin2 ϑi cos2 ϕi}
−2ζy sin2 ϑi cosϑi sinϕi cosϕ)

+ey(sinϑi cos2 ϑi sinϕi
+ζy cosϑi{1− 2 sin2 ϑi sin2 ϕi}
−2ζx sin2 ϑi cosϑi sinϕi cosϕi)

+ez(− sin2 ϑi cosϑi
+ sinϑi{1− 2 cos2 ϑi}{ζx cosϕi

+ζy sinϕi})







· · · e
−ikr

η0

eikR

4πR

(68)

Substituting (65) into (64) gives
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K ×∇′G =


(1−RTM )




ex(− cos2 ϑi cosϕi
+ sinϑi cosϑi cosϕi{ζx cosϕ+ζy sinϕi})

+ey(− cos2 ϑi sinϕi
+ sinϑi cosϑi sinϕi{ζx cosϕi + ζy sinϕi}

+ez(sinϑi cosϑ
− sin2 ϑi{ζx cosϕi + ζy sinϕi})




(RTE +RTM )

[
ex(sinϑi cosϑi sinϕi{ζx sinϕi − ζy cosϕi})

+ey(sinϑi cosϑi cosϕi{−ζx sinϕi + ζy cosϕi}

]




·

· · · (−ik)e
−ikr+ikR

4πR
(69)

Combining the two terms in the integrand of (54) gives

ikη0Γ · J +K ×∇′G =
e−ik(r−R)

4πR
·




ex




2 cos2 ϑi cosϕi
−2 sinϑi cosϑi cosϕi{ζx cosϕi + ζy sinϕi}
−(RTE +RTM ) cos3 ϑi cosϕi{cosϑi

−3 sinϑi[ζx cosϕi + ζy sinϕi]}




+ey




2 cos2 ϑi sinϕi
−2 sinϑi cosϑi sinϕi{ζx cosϕi + ζy sinϕi}
−(RTE +RTM ) cos3 ϑi sinϕi{cosϑi

−3 sinϑi[ζx cosϕi + ζy sinϕi]}




+ez




−2 sinϑi cosϑi
+2 sin2 ϑi{ζx cosϕi + ζy sinϕi}

+(RTE +RTM ) sinϑi cos2 ϑi{cosϑi
−3 sinϑi[ζx cosϕi + ζy sinϕi]}







(70)
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The final expression for the scattered TM field is

Es
TM (x, y, z) = 2eϑ

(−ik)eikr
4πr

∫ x2

x1

dx′
∫ y2

y1

dy′

· · · e−i2k(x′ sinϑi cosϕi+y′ sinϑi sinϕi+z′ cosϑi)

· · ·




cosϑi − sinϑi(ζx cosϕi + ζy sinϕi)
−1

2(RTE +RTM ) cos2 ϑi
[cosϑi − 3 sinϑi(ζx cosϕi + ζy sinϕi)]




(71)

and for the case of a perfectly conducting surface, where

RTE
−−−−→σ →∞ − 1

RTM
−−−−→σ →∞ + 1

(72)

the result in (71) reduces to the result derived by Collin (1992). For
the case of grazing incidence, (71) reduces to the perturbation result
given by Ott, et al. (1973).

The TE case is now presented, even though it does not differ from
the derivation for the TM case because, it is important to show the
backscattered field has the correct polarization dependence at grazing
incidence.
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en × Einc =
(
−ζxex − ζyey + ez

)
×

(
−ex sinϕi + ey cosϕi

)
· · · e−ik(x′ sinϑi cosϕi+y′ sinϑi sinϕi+z′ cosϑi)

= −
[
ex cosϕi + ey sinϕi + ez (ζx cosϕi + ζy sinϕi)

]
· · · e−ik(x′ sinϑi cosϕi+y′ sinϑi sinϕi+z′ cosϑi)

Einc · eT = (−ex sinϕi + ey cosϕi)·


ex(sinϑi sinϕi + ζy cosϑi)
+ey(− sinϑi cosϕi − ζx cosϑi)
+ez sinϑi(ζx sinϕi − ζy cosϕi)




· · · e−ik(x′ sinϑi cosϕi+y′ sinϑi sinϕi+z′ cosϑi)

= − [sinϑi + cosϑi (ζx cosϕi + ζy sinϕi)]

· · · e−ik(x′ sinϑi cosϕi+y′ sinϑi sinϕi+z′ cosϑi)

(73)

and,

(
Einc · eT

)
[eR − en(eR · en)] = − [sinϑi + cosϑi(ζx cosϕi + ζy sinϕi)]

· · ·




ex[sinϑi cosϕi + ζx cosϑi]
+ey[sinϑi sinϕi + ζy cosϑi]

+ez sinϑi(ζx cosϕi + ζy sinϕi)




· · · e−ik(x′ sinϑi cosϕi+y′ sinϑi sinϕi+cosϑi)

= − [sinϑi + cosϑi(ζx cosϕi + ζy sinϕi)]

· · ·




ex[sinϑi cosϕi + ζx cosϑi]
+ey[sinϑi sinϕi + ζy cosϑi]

+ez sinϑi(ζx cosϕi + ζy sinϕi)




· · · e−ik(x′ sinϑi cosϕi+y′ sinϑi sinϕi+z′ cosϑi)

(74)
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Substituting (73) and (74) into (61) gives

K =




(1−RTM )
[
ex cosϕi + ey sinϕi

+ez(ζx cosϕi + ζy sinϕi)
]

+(RTE +RTM )
[
sinϑi

+ cosϑi(ζx cosϕi + ζy sinϕi)
]




ex(sinϑi cosϕi + ζx cosϑi)
+ey(sinϑi sinϕi + ζy cosϑi)

+ez sinϑi(ζx cosϕi + ζy sinϕi)







· · · e−ik(x′ sinϑi cosϕi+y′ sinϑi sinϕi+z′ cosϑi)·

=




ex

[
cosϕi(1−RTM ) + (RTE +RTM ) sinϑi(

sinϑi cosϕi + ζx cosϑi+
cosϑi cosϕi{ζx cosϕi + ζy sinϕi}

) ]
+ey

[
sinϕi(1−RTM ) + (RTE + TTM ) sinϑi(

sinϑi sinϕi + ζy cosϑi+
cosϑi sinϕi{ζx cosϕi + ζy sinϕi}

) ]
+ez[ (ζx cosϕi + ζy sinϕi) (1−RTM )
+(RTE +RTM ) sin2 ϑi(ζx cosϕi + ζy sinϕi)]




·

· · · e−ik(x′ sinϑi cosϕi+y′ sinϑi sinϕi+z′ cosϑi)

(75)
Substituting (75) into (54)
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K ×∇′G =

(−ik) e
ikR

4πR




ex

[
cosϕi (1−RTM ) + (RTE +RTM ) sinϑi(

sinϑi cosϕi + ζx cosϑi
+ cosϑi cosϕi {ζx cosϕi + ζy sinϕi}

) ]

+ey

[
sinϕi (1−RTM ) + (RTE +RTM ) sinϑi(

sinϑi sinϕi + ζy cosϑi
+ cosϑi sinϕi {ζx cosϕi + ζy sinϕi}

) ]

+ez

(
ζx cosϕi + ζy sinϕi

)
[

(1−RTM ) + (RTE +RTM ) sin2 ϑi

]




×
(
ex sinϑi cosϕ+ ey sinϑi sinϕi + ez cosϑi

)
· · · e−ik(x′ sinϑi cosϕi+y′ sinϑi sinϕi+z′ cosϑi)

=




ex




cosϑi sinϕi (1−RTM )− sinϑi sinϕi
(ζx cosϕi + ζy sinϕi) (1−RTM )
+ (RTE +RTM ) sinϑi(

sinϑi cosϑi sinϕi + ζy cos2 ϑi+

(sinϕi {ζx cosϕi + ζy sinϕi}
{
cos2 ϑi − sin2 ϑi

})




+ey




− cosϑi cosϕi (1−RTM ) + sinϑi cosϕi
(ζx cosϕi + ζy sinϕi) (1−RTM )
− (RTE +RTM ) sinϑi(

sinϑi cosϑi cosϕi + ζx cos2 ϑi+

cosϕi {ζx cosϕi + ζy sinϕi}
{
cos2 ϑi − sin2 ϑi

})




−ez (RTE +RTM ) sin2 ϑi cosϑi (ζy cosϕi − ζx sinϕi)




· · · (−ik) e
ikR−ik(x′ sinϑi cosϕi+y′ sinϑi sinϕi+z′ cosϑi)

4πR
(76)
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For the electric current,

en ×H inc =
(
−ζxex − ζyey + ez

)
×

(
ex cosϑi cosϕi + ey cosϑi sinϕi − ez sinϑi

)
· · · e

−ik(x′ sinϑi cosϕi+y′ sinϑi sinϕi+z′ cosϑi)

η0

=



−ex (cosϑi sinϕi − ζy sinϑi)
+ey (cosϑi cosϕi − ζx sinϑi)
−ez cosϑi (ζx sinϕi − ζy cosϕi)




· · · 1
η0

e−ik(x
′ sinϑi cosϕi+y′ sinϑi sinϕi+z′ cosϑi)

(77)

H inc · eT =

−(ζx sinϕi − ζy cosϕi)
1
η0

e−ik(x
′ sinϑi cosϕi+y′ sinϑi sinϕi+z′ cosϑi)

J =




ex



−(1−RTE) (cosϑi sinϕi − ζy sinϑi)

+ (RTE +RTM ) ·
· · · (sinϑi cosϕi + ζx cosϑi)

(ζy cosϕi − ζx sinϕi)




ey




(1−RTE) (cosϑi cosϕi − ζx sinϑi)
+ (RTE +RTM ) ·

· · · (sinϑi sinϕi + ζy cosϑi)
(ζy cosϕi − ζx sinϕi)




+ez




(1−RTE) cosϑi (ζy cosϕi − ζx sinϕi)
+ (RTE +RTM ) ·

· · · sinϑi (ζy cosϕi − ζx sinϕi)
(ζx cosϕi + ζy sinϕi)







·

· · · 1
η0

e−ik(x
′ sinϑi cosϕi+y′ sinϑi sinϕi+z′ cosϑi)

(78)
Substituting (78) into (54)
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ikη0Γ · J =




ex




−(1−RTE) sinϕi( cosϑi
− sinϑi {ζx cosϕi + ζy sinϕi} )
+(RTE +RTM ) sinϑi cos2 ϑi
cosϕi(ζy cosϕi − ζx sinϕi)




+ey




(1−RTE) cosϕi( cosϑi
− sinϑi{ζx cosϕi + ζy sinϕi})
+(RTE +RTM ) sinϑi cos2 ϑi
sinϕi(ζy cosϕi − ζx sinϕi)




+ez

[
− (RTE +RTM ) sin2 ϑi

cosϑi(ζy cosϕi − ζx sinϕi)
]




· · · (ik) e
ikR−ik(x′ sinϑi cosϕi+y′ sinϑi sinϕi+z′ cosϑi)

4πR

(79)

Combining (79) and (76) gives

ikη0Γ · J +K ×∇′G =

(ik) eikR−ik(x
′ sinϑi cosϕi+y′ sinϑi sinϕi+z′ cosϑi)

4πR
·

· · ·




ex




− sinϕi (cosϑi − sinϑi {ζx cosϕi + ζy sinϕi})
(2− (RTE +RTM )) + (RTE +RTM ) sinϑi))


cos2 ϑi cosϕi {ζy cosϕi − ζx sinϕi}
− sinϑi cosϑi sinϕi
−ζy cos2 ϑi − sinϕi

{ζx cosϕi + ζy sinϕi}{cos2 ϑi − sin2 ϑi}







+ey




cosϕi (cosϑi − sinϑi{ζx cosϕi + ζy sinϕi})
(2− (RTE +RTM )) + (RTE +RTM ) sinϑi


cos2 ϑi sinϕi{ζy cosϕi − ζx sinϕi}

+ sinϑi cosϑi cosϕi
+ζx cos2 ϑi + cosϕi{ζx cosϕi + ζy sinϕi}

{cos2 ϑi − sin2 ϑi}










(80)
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and simplifying,

ikη0Γ ·K ×∇′G+ =
(ik) eikR−(x′ sinϑi cosϕi+y′ sinϑi sinϕi+z′ cosϑi)

4πR
·

· · ·




−ex




2 sinϕi cosϑi
−2 sinϑi sinϕi(ζx cosϕi + ζy sinϕi)
−(RTE +RTM ) cos2 ϑi sinϕi

(cosϑi − 3 sinϑi (ζx cosϕi + ζy sinϕ))




+ey




2 cosϕi cosϑi
2 cosϕi cosϑi − 2 cosϕi sinϑi (ζx cosϕi + ζy sinϕi)

−(RTE +RTM ) cos2 ϑi cosϕi
(cosϑi − 3 sinϑi (ζx cosϕi + ζy sinϕi))







=
(ik) eikR−ik(x

′ sinϑi cosϕi+y′ sinϑi sinϕi+z′ cosϑi)

4πR
·

· · · eϕ




2 [cosϑi − sinϑi (ζx cosϕi + ζy sinϕi)]
−(RTE +RTM ) cos2 ϑi

[cosϑi − 3 sinϑi(ζx cosϕi + ζy sinϕi)]




(81)
and the final result for the TE case is

Es
TE(x, y, z) =

eϕ
2(ik)eikr

4πR

∫ x2

x1

dx′
∫ y2

y1

dy′e−2ik(x′ sinϑi cosϕi+y′ sinϑi sinϕi+z′ cosϑi)·

· · ·




cosϑi − sinϑi (ζx cosϕi + ζy sinϕi)
−1

2(RTE +RTM ) cos2 ϑi
[cosϑi − 3 sinϑi(ζx cosϕi + ζy sinϕi)]




(82)
This section is concluded by showing the details of the derivation

for Collin’s result for the case of a perfectly conducting rough surface.
Starting from Colin’s Equation (36) with two proper rotations of his
coordinate frame to bring it into agreement with Figure 4, i.e., making
the replacements:
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xCollin → y

yCollin → z

zCollin → x

(83)

Then Collin’s Equation (36) can be written as

Es
TM (x, y, z) =

−2jk0

(2π)3

∫ ∞
0

dkz

∫ ∞
−∞

dky

∫ ∞
−∞

dkx

∫ x2

x1

dx′
∫ y2

y1

dy′

· · · (k × k × ez)(k × k × ez) · Je
k2(k2 − k2

0)(k2
x + k2

y)
(84)

· · · ej(kincz +kz)ζ+j(ky−kincy )y′+j(kx−kincx )x′−j(kxx+kyy+kzz)

which has poles at

k = ±k0 or kx = ±(k2
0 − k2

y − k2
z)

1/2

and

kx = ±jky

(85)

If the path of integration in Figure 5 is closed in the upper-half of the
complex kx plane, and assuming a small loss in k0 so that the poles
are off the real axis and the integral is well-defined, as in Figure 5, then
the residue at the pole at kx is

2πj
1

(k2
x + k2

y)
1

2kx
=

πj

(k2
0 − k2

z)kx
(86)

and the residue at the pole at jky is

2πj
1

(k2 − k2
0)

1
2jky

=
−πj

(k2
z − k2

0)kx
(87)

and the total residue from both poles is

2πj
(k2

0 − k2
z)kx

(88)
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Figure 5. Path of integration in the complex kx-plane.

Next, stationary phase integration is applied to the integrations on ky
and kz with

I =
∫ ∞

0
dkz

∫ ∞
−∞

dkye
−j(kyy+kzz)−j

√
k2
0−k2

y−k2
zx

∂g

∂ky
: −y +

kyx√
k2

0 − k2
y − k2

z

= 0

∂g

∂kz
: −z +

kzx√
k2

0 − k2
y − k2

z

= 0

(89)

g = kyy + kzz + x
√
k2
x + k2

y − k2
z

and solving for ky, kz gives

ky
kz

= ±y
z

= ±sinϑs sinϕs
cosϑs

kx = k0 sinϑs cosϕs
(90)

and in the backscatter direction,

ϕs = π + ϕi

ϑs = ϑi

sinϕi = − sinϕs
cosϕi = − cosϕs

(91)
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The second derivatives of the phase of the integral in Equation (89)
are given by

∂2g

∂k2
y

=
x(k2

0 − k2
z)

(k2
0 − k2

y − k2
z)3/2

∂2g

∂k2
z

=
x(k2

0 − k2
y)

(k2
0 − k2

y − k2
z)3/2

∂2g

∂ky∂kz
=

xkykz

(k2
0 − k2

y − k2
z)3/2

(92)

and the amplitude of the stationary phase integration gives

2πj√
∂2gf
∂k2
y

∂2gf
∂k2
z
−

(
∂2gf
∂ky∂kz

)2
=

2πj
r sinϑs cosϕs
k3
0 sinϑs cosϕs

k4
0

√
sin2 ϑs(1− sin2 ϑs sin2 ϕs)− sin2 ϑs cos2 ϑs sin2 ϕs

=
2πjk0 sinϑs cos2 ϕs

r
√

1− sin2 ϑs sin2 ϕs − cos2 ϑs sin2 ϕs
(93)

=
2πjk0 sinϑs cosϕs

r

=
2πjkx
r

and multiplying (93) by the residue is (88) gives

−(2π)2

rk2
0 sin2 ϑs

(94)

The dyad in the integrand in Equation (84) is

k = k0(ex sinϑi cosϕi + ey sinϑi sinϕi + ez cosϑi)
k × ez = k0(−ey sinϑi cosϕi + ex sinϑi sinϕi)

k × k × ez = k2
0 sinϑi(ex cosϑi cosϕi + ey cosϑi sinϕi − ez sinϑi)

= k2
0 sinϑieϑ (95)

Je = ex cosϕi + ey sinϕi + ez(ζx cosϕi + ζy sinϕi)

(k × k × ez) · Je = k2
0 sinϑi[cosϑi − sinϑi(ζx cosϕi + ζy sinϕi)]



Electromagnetic scattering by buried objects 409

and the final result for the integral in (84) becomes

ES
TM (x, y, z) =

−jk0

2π

(
eikr

r

)
eϑ

∫ x2

x1

dx′
∫ y2

y1

dy′

·
[

cosϑi − sinϑi(ζx cosϕi + ζy sinϕi)
]

· · · e2jk0(x′ sinϑi cosϕi+y′ sinϑi sinϕi+ζ cosϑi)

(96)

in agreement with Equation (71).

10. Examples of EM Backscatter from Buried Targets

The frequency band is an important consideration in the detection
of buried targets (Peters, et al., 1994). Scattering results are computed
for two bands: 1) 10–500 MHz and 2) 300–800 MHz. The trade-off in
frequency bands is important because the lower band has small an-
tenna gain with better ground penetration while at the higher band
the opposite is true. In air-borne SAR applications when low gain an-
tennas are used causing a large patch of ground to be illuminated, the
clutter from the interface is large (as much as 60 dB greater than the
target return). Coherent integration of thousands of pulses is required
to acheive the necessary processing gain to offset the difference be-
tween the interface and target returns. The best way to appreciate the
trade-off in the choice of frequency band is to perform a power budget
for each, using the values for the target and interface scatter generated
from the analysis of the preceding sections.

Figure 4 shows the plot of a sample 3-D terrain profile. Having 10
segments of one meter length in both the x- and y-direction, this is the
surface used to simulate the 3-D rough surface scatter. Figure 6 shows
a “waterfall” plot of the scattered power versus ϑ in degrees, where
zero corresponds to normal incidence and time in µ s, for the 100–500
MHz frequency band. In Figure 6, the three regions, specular, diffuse,
and grazing are clear to see corresponding to the angle of incidence in
one of the following ranges;

0 ≤ ϑ ≤ 30◦, specular

30◦ ≤ ϑ ≤ 85◦, diffuse

85◦ ≤ ϑ ≤ 90◦, grazing

(97)
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In the specular region, the ground clutter may mask the target
return regardless of the frequency band or the target size and depth.
This effect is because of the “spikey” nature of the return in the specu-
lar region. The presence of a distinct return corresponding to the target
is relatively unclear from Figure 6.

Figure 6. EM backscatter from a rough interface with the target be-

low the interface. The polarization of the backscatter is TM and the

frequency band is 100-500 MHz.

The time response in Figure 6 was obtained by performing a 256
point FFt on the frequency response. The bandwidth of the frequency
response is 100 to 500 MHz giving a time step of

∆t =
1

2 · 500 · 106
= 1ns (98)

which is also the target resolution.
Some discussion of the frequency band as it pertains to the theory

used to calculate the target (i.e., ellipsoidal) scattering is needed. At
the low end of the band (100 MHz) the wavelength in the medium is

λ =
c/
√
εr

f
∼= 0.95m (99)

(εr = 10) and the semi-major dimensions for the oblate ellipsoid
(a=0.1m, b=0.1m, c=0.15m) are smaller than the wavelength in
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Equation (99). At the high end of the band (500 MHz) the wavelength
in the medium is 0.19 m, and the target is still in the Rayleigh region.
In the 300-800 MHz band where the wavelength at the high end is
0.12 m, the Rayleigh scatter is a good first order approximation to the
target’s scatter, and an exact solution involving a Method of Moments
(MOM) approach is well beyond the scope of this study.

The complex dielectric constant of the medium was assumed to
be frequency independent for all examples. In this paper however, the
computation of the frequency variation of conductivity in the computer
algorithm is easily modified to assume a linear variation in frequency
as

σ(f) = 0.01 +
σmax

(f2 − f1)
(f − f1) (100)

in order to model the variation in conductivity as a function of moisture
content (Scott and Smith, 1992).

Figure 7 shows the TM backscatter in the 300-800 MHz band for
a target at a depth of 0.5m, and Figure 8 shows the TM response in
the same band for the case of no target.

Figure 7. TM backscatter from a target buried 0.5m beneath the rough

surface shown in Figure 4 in the 300-800MHz band.
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Figure 8. TM backscatter from the rough surface is shown in Figure 4

in the 300-800MHz frequency band for the case of no target.

A comparison of Figures 7 and 8 shows the occurence of a large
spike in the diffuse region when the target is present, and when the
target is absent, the scatter is more spikey.

In order to compare TM and TE backscatter, Figure 9 shows this
case when no target is present. Again there are the three regions of
scatter as described by Equation (97) with the TE return about the
same strength as the TM backscatter. Because the TE component does
not produce a psuedo-Brewster effect (since ε in medium 2 is complex,
a minimum in the magnitude of the Fresnel reflection coefficient as a
function of the angle on incidence) as the TM component does, the
remainder of this section will only consider TM backscatter. This dif-
ference between the TM and TE components has been suggested as a
technique for detection of buried objects (Baum, 1994).
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Figure 9. TE backscatter from the rough surface in Figure 5 in the 300-

800 MHz frequency band for the case of no target.

In order to examine more closely the difference in the TM back-
scatter with and without a target present, Figure 10 shows the time
response of the backscatter in the 300-800 MHz band for a specific
angle of incidence, ϑ = 60◦ , for both the case of no target present and
with the target present. In this frequency band, the maximum scattered
power for the case with the target present is about 20 dB higher than
with no target. Also, for the case of a target present, the scattered
power is concentrated in a single peak, whereas with no target present,
the scattered power shows several spikes.

An estimate of the time delay from the average terrain height in
Figure 5 to the target 0.5m beneath the interface is given by

∆t =
2d
√
εr

c
=

2 · 0.5 ·
√

10
3 · 108

∼= 10.5ns (101)
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Figure 10. TM backscatter for a rough surface with and without the

target present.

In Figure 10, the time delay from one of the early spikes from the
interface return to the spike corresponding to the target is about

δt ∼= .125µs− .115µs = 10ns,

in good agreement with result in Equation (101).
The trade-off with frequency is best seen by considering the two

bands, 100-500 MHz and 300-800 MHz using the computed clutter
(interface) and target return given in Figure 10.

From the radar range equation, the received power is

Pr =
PtG

2λ2σ

(4π)3R4

G =
4πAe
λ2

θ3dB =
λ

l

(102)

and defining the time-domain characterization of radar cross-section
as
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σ =

∫ ∞
−∞

(ES
TM(TE)(t))

2
dt∫ ∞

−∞
(Einc

TM(TE)(t))
2
dt

(103)

and for 100–500 MHz band:

center freq. = 300 MHz
l (antenna aperature) = 2 m

and Equation (103) gives (for the case where the backscatter in Fig-
ure 10 includes the target),

σ(ϑ = 60) = −15.08dBsm

and substituting into Equation (102) gives

θ3dB =
1
2
∼= 28.6◦

G =
4π
.25

= 50.25 (17.0dB)

Pr(dB) = 20. + 34. + 0. − 15.08 − 33.0 − 127

= −121.08dB

By contrast, in the 300-800 MHz band,

centerfreq. = 550MHz

ϑ3dB =
0.545

2
∼= 15.6◦

G =
4π

0.0743
= 169.2(22.3dB)

Pr(dB) = 20. + 44.6 − 5.3 − 15.08 − 33. − 127.

= −110.48dB

The received clutter power is essentially the same for the two frequency
bands. For θ = 60◦ , and again using Equation (103)
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σclutter ∼= −25.19dBsm (104)

and from Figure 10, the return without the target is about 16 dB below
the return with the target over time duration of about 0.04µ s. This
corresponds to a range extent of

δr =
cδτ

2
= 0.5× 3× 108 × 0.04× 10−6 = 6m(7.78dBsm).

Thus an alternative estimate for the clutter is

σclutter(dBsm) ≈ σtarget(dBsm)− 16dB + 7.78dBsm
≈ −15.08− 16 + 7.78
≈ −23.3dBsm

(105)

which is reasonable agreement for the two results in Equations (104)
and (105), and is in relative agreement with the land backscatter result
given by Nathanson (page 320, 1991) of 28 dB for a grazing angle of
30 degrees (angle of incidence of 60 degrees), for relatively flat desert.

When the size of the footprint is calculated using the 3-dB beam-
widths given above in place of the 10m by 10m patch used in the
calculations corresponding to Figure 10, the size of the footprint on
the ground each banc at a range R=1.5km is

A(100− 500MHz) = (ϑ3dBR)2 = 5.625× 105m2(57.5dB)

A(300− 800MHz) = 1.67× 105m2(52.2dB)
(106)

The normalized radar cross-section in the 300-800 MHz band for the
clutter is therefore given by (from the second line in Equation (106))

σ0(dB) =
σclutter(dBsm)
area(dBsm)

= −33− 52.2 = −85.2dB (107)

which is significantly smaller than the result in Equations (104) and
(105) because, the size of the patch in Equation (106) is nearly 30 dBsm
larger than the 10m by 10m square patch considered in Figure 10.
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The corresponding received clutter power in the two bands is

Pclutter(100−−500MHz) = 20.+ 34.− 25.19 + 57.5− 33.
− 127. = −73.7dB

Pclutter(300−−800MHz) = 20.+ 44.6− 5.3− 25.19 + 52.2
− 22.− 127 = −73.7dB

(108)

It is interesting for these two frequency bands that the clutter power
is about the same. The target-to-clutter power for the two frequency
bands is

Pr
Pclutter

∣∣∣∣
100−500MHz

∼= −47.4dB

Pr
Pclutter

∣∣∣∣
300−800MHz

∼= −36.8dB
(109)

which obviously requires some coherent integration of the received
pulses (on the order of 106 pulses) in order to detect the target. Also
from Equation (109), the clutter rejection is about the same in the
two frequency bands. Equation (109) suggests that going to the higher
frequency bands where and increase in antenna gain is possible may
not offset the increased transmission loss versus using the HF band.

11. Concluding Remarks

This paper presents the mathematics needed to model the scat-
tered signal from a target buried beneath an interface. Included in the
derivation are: 1) the scattered field for the case where the incident field
contains both a TM and a TE component with respect to the plane of
incidence, 2) the motion of the source and observer with respect to the
target, 3) a plane-wave spectrum representation for the scattered field
in terms of the scattering matrix of the target, 4) inclusion of both
the electric and magnetic dipole moments of the scattered field from
the target in the medium, 5) multiple bounces in the medium between
the target and the interface, and 6) a 3-D rough surface faceted model
of the interface. The HF/VHF/UHF frequency band is investigated in
order to determine which band is optimum for the detection of a buried
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object. The tradeoff in ground penetration loss versus antenna gain for
the different frequency bands is a key consideration in the design of a
system used to detect buried objects. The frequency band is also an
important consideration from the standpoint of the choice of ampli-
fier, a major item in terms of cost in a practical system. Initial results
indicate that the lower frequency bands will yield the higher target-to-
clutter ratios, and have less transmission loss than the higher 300-800
MHz band. However, several additional examples of target size, tar-
get geometry and frequency band need to be investigated before an
optimum band can be selected.
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