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1. INTRODUCTION

One of the major problems in designing closely placed interconnec-
tions is the distortion due to the difference between the propagation
phase velocities of the dominant modes. This phenomenon can be ex-
plored by considering parallel microstrip transmission lines. Several
techniques were presented to overcome the distortion that arises due
to the difference between the propagating phase velocities of the even
and odd modes. Quasi-static method of moment based techniques are
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reported in [1–3]. These techniques are based on controlling the dielec-
tric constant of the notch, the height and width of the notch, dielectric
substrate, and overlay materials. Although the reported data are use-
ful in reducing the distortion, it’s application is limited due to the
quasi-static solution which provides a valid data for the lower band of
the frequency of interest. The transmission line being investigated here
consists of two symmetric thin perfectly conducting strips with a rect-
angular notch between the strips, two layers of dielectric substrate, and
a dielectric overlay as proposed in [1]. In this work, the method of lines
(MoL) is used to compute the effective dielectric constants of the even
and odd modes as functions of frequency. The details of the method of
lines technique are briefly mentioned here since this technique is fully
described in [4].

2. FORMULATION OF THE PROBLEM

The transmission line geometry investigated here is basically the same
as that was investigated before using the quasi-static method of mo-
ment approach [1] as shown in Fig. 1. In this analysis a PEC boundary
is placed around the geometry. The dimensions of the metallic box
are chosen large enough such that they do not affect the performance
of the original open structure transmission line. The semi-analytical
technique, method of lines (MoL) [4], will be used to investigate this
transmission line geometry. The method of lines has been found suit-
able to analyze planar microstrip lines on multilayers and inhomoge-
neous dielectric substrate [4, 5]. Since the transmission line geometry
is enclosed in a perfectly conducting box as shown in Fig. 1, all dielec-
tric layers are partially filled with air, thus they are inhomogeneous
dielectric layers in the x -direction.

Due to the inhomogeneity of the transmission line structure, the
procedure of this full wave analysis requires solving the Helmholtz and
the Sturm-Liouville partial differential equations [4]. They are given,
respectively, as follows:
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where ψh and ψe are the scalar magnetic and electric potentials, re-
spectively. The wave is assumed to propagate in the z-direction with
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Figure 1. Geometrical Model of the two microstrip transmission line
enclosed in a metallic box.

propagation constant kz = k0
√
εre , in which εre is the effective di-

electric constant of the propagating mode. The free space wave number
is k0 =

√
µ0ε0 . The relative dielectric constant εr(x) in each hori-

zontal layer is inhomogeneous in the x -direction which is obvious from
Fig. 1. The magnetic and electric scalar potentials should fulfill the
boundary conditions [4]:

On electric walls : ψh = 0,
∂ψe
∂x

= 0 (2a)

On magnetic walls : ψe = 0,
∂ψh
∂x

= 0 (2b)

Upon applying the MoL technique, the x -dimension of the geome-
try is divided into a number of electric and magnetic lines parallel to
the y -direction with discretization distance h . The electric lines are
shifted from the magnetic lines by h/2 . The first order forward finite
difference approximation is used to replace the first and the second
derivatives with respect to the x -variable as follows:
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where D is a difference operator in the matrix form that takes into
account the boundary conditions of the scalar electric and magnetic
potentials given in equations (2a, b). The matrix Dt is the transpose
of the matrix D . Thus the partial differential equations (1a, b) are
converted to ordinary differential equations in the y -variable which
can be solved analytically for ψh and ψe [4].

For symmetric microstrip line configurations, only one half of the
transmission line cross-section will be considered. The x -dimension
will be divided into a number of electric and magnetic lines, N1 and
N, respectively. For the even mode, the line of symmetry is a magnetic
wall, and the boundary conditions of the configuration will be Dirichlet-
Neuman. However, for the odd mode, the line of symmetry is an
electric wall, and the boundary conditions of the configuration will be
Dirichlet-Dirichlet. Thus, for the even and odd modes, the matrices
[D]even and [D]odd are given by:

[D]even =




1 0 0 . . . 0
−1 1

. . . . . .
...

0
. . . . . . . . . 0
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. . . . . . 1 0
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0
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(4)

where for the even mode, N is the number of magnetic lines or the
number of electric lines (in this case they are equal), while for the odd
mode, N1 is the number of electric lines and N is the number of the
magnetic lines (in this case N1 = N +1 ). It is obvious that the use of
symmetry reduces the order of the matrix operator D and consequently
the order of all matrices that are involved in the calculations. The
configurations of the even and odd mode cases are shown in Fig. 2.
After some algebraic manipulations, a system of equations is obtained
as:
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a b

Figure 2. (a) Geometrical model for the even mode, number of electric
lines (dashed) = 5 and number of magnetic lines (solid) = 5. (b)
Geometrical model for the odd mode, number of electric lines (dashed)
= 6 and number of magnetic lines (solid) = 5.

[Z][J ] = [E] (5a)

in which each of the matrix [Z] , the vector [J ] , and the vector [E] is
of order (N1 +N) . The elements of the vector [J ] are the tangential
( x and z -direction) current densities at each electric and magnetic
line on the interface that has the metallic strip. The elements of the
vector [E] are the tangential electric field on each electric and magnetic
line on that interface. Upon applying the boundary conditions on the
dielectric interfaces and the metallic strip, the system of equations
presented in (5a) can be reduced and given by:

[Z]red.[J ]red. = [0] (5b)

in which [J ]red. contains the tangential current densities on each elec-
tric and magnetic line only on the metallic strip. The order of the
matrix [Z]red. is (Me + Mm) , where Me and Mm are the number
of the electric and magnetic lines, respectively, on the metallic strip.
The elements of the matrix [Z]red. are functions of the frequency, the
propagation constant, and the characteristics of every dielectric layer
in the geometry (dielectric constant and dimensions). The eigenval-
ues of equation (5b) are the propagation constants (kz) of the modes
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and their eigenvectors are the associated tangential current densities
(Jx and Jz) on the metallic strip.

3. NUMERICAL RESULTS

3.1 Convergence of MoL

In the MoL technique the geometry of the transmission line struc-
ture is discretized into a number of lines in the x -direction where the
dielectric substrate might be inhomogeneous in this direction. More-
over, the discretization line that is separating two different dielectric
regions should be a magnetic line that has dielectric constant equal
to the arithmetic average of the two different values [4]. As the dif-
ference of the neighboring dielectric constants becomes large, more
discretization lines should be used especially if that inhomogeneous
region has strong electric and magnetic fields such as the notch be-
tween the two strips. Three cases are tested for the convergence of
the MoL in this work and the results are shown in Figs. 3a and 3b for
the even and the odd modes, respectively. The dimensions of Fig. 1
are W1 = W2 = H = 1mm , A = B = .99mm , T = R = 6mm ,
L = 0.48mm , εr1 = εr2 = 2.2 , and εr4 = 1 . In Fig. 3a, the three
cases for the even modes are case 1 (N = 50 , h = 0.18mm , Me = 5 ,
Mm = 6) , case 2 (N = 87 , h = 0.104mm , Me = 9 , Mm = 10) , and
case 3 (N = 133 , h = 0.068mm , Me = 14 , Mm = 15) , where N
is the total number of magnetic lines, h is the discretization distance,
Me is the number of electric lines on the strip, and Mm is the number
of magnetic lines on the strip.

In Fig. 3b, the three cases for the odd modes are case 1 (N = 54 ,
h = 0.165mm , Me = 6 , Mm = 7) , case 2 (N = 91 , h = 0.099mm ,
Me = 10 , Mm = 11) , and case 3 (N = 136 , h = 0.066mm , Me = 15 ,
Mm = 16) . The results show that the MoL technique converges as the
number of discretization lines increases as shown in Figs. 3a and b,
where the dielectric constant of the notch εr3 changes from 1 to 30.

The MoL technique involves a number of matrix operations such as
inversion and multiplication. The order of these matrices is the to-
tal number of magnetic lines plus the total number of electric lines.
Thus these operations become time consuming as the total number of
discretization lines increases (cases 2 and 3). In Figs. 4–5, the trans-
mission line structure does not contain a notch or an overlay and it
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Figure 3a. Effective dielectric constant for the even mode versus εr3
with W1 = W2 = H = 1mm , T = R = 6mm , εr1 = εr2 = 2.2 ,
εr4 = 1 , A = B = 0.99mm , L = 0.48mm , and f = 1GHz .

Figure 3b. Effective dielectric constant for the odd mode versus εr3
with W1 = W2 = H = 1mm , T = R = 6mm , εr1 = εr2 = 2.2 ,
εr4 = 1 , A = B = 0.99mm , L = 0.48mm , and f = 1GHz .
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is inhomogeneous in a region that is far from the strips (metallic en-
closure). In this case, the total number of magnetic lines is chosen to
be N = 50 with discretization distance h = 0.2mm (similar to but
not exactly as case 1). In Figs. 6–9, the effect of electric and geomet-
ric properties of both the overly and the notch are investigated. The
transmission line structure becomes more inhomogeneous by increas-
ing the dielectric constant of the overlay or the notch up to 30. Thus
in Figs. 6–9, the number of the magnetic lines, the discretization dis-
tance, and the number of magnetic and electric lines on the strip are
chosen to be the same as in case 3 for both the even and odd modes.

3.2 Comparison with Reported Results

The developed MoL computer code is verified by comparing the nu-
merical results with the previously reported data for a simpler trans-
mission line geometry [6]. The configuration chosen from [6] to com-
pare the results with, consists of two symmetric microstrip lines lo-
cated on two dielectric substrates. The width of the metallic strips are
W1 = W2 = 1.5mm , the separation between the strips is S = 3.0mm ,
the height of the lower substrate is H1 and its dielectric constant is
εr1 = 2.2 , the height of the top substrate is H2 and its dielectric
constant is εr2 = 9.7 , and the total height of the two substrates is
H = H1 +H2 = 1.5mm . For the even mode, the number of magnetic
lines (or the number of electric lines) is N = 50 , the discretization
distance is h = 0.2mm , the number of electric lines on the strip is
Me = 7 , and the number of magnetic lines on the strip is Mm = 8 .
For the odd mode, the total number of magnetic lines is N = 50 , the
total number of electric lines is N1 = 51 with the same discretization
distance and number of electric and magnetic lines on the strips as
in the even mode. A comparison between our results and the results
obtained in [6] is shown in Fig. 4. The effective dielectric constants
of the even and the odd modes are plotted as functions of the relative
height of the lower substrate H1/H at f = 10GHz . Good agreement
between our results and those reported in [6] is observed in Fig. 4. The
calculations are repeated at f = 1GHz for the configuration shown in
Fig. 1 with W1 = W2 = 1.5mm , εr1 = 2.2 , εr2 = εr3 = 9.7 , εr4 = 1 ,
T = R = 7.5mm , H = H1 = 1.5mm . The results are plotted in Fig.
5a, and are compared with the results obtained in [1] using the quasi-
static moment method technique. The results in Fig. 5a show good
agreement between the MoL at f = 1GHz and the results published
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Figure 4. Effective Dielectric constant versus H1/H with W1 =
W2 = 1.5mm , S = 3mm , H = 1.5mm , εr1 = 2.2 , εr2 = εr3 = 9.7 ,
εr4 = 1 , T = R = 7.5mm , and f = 10GHz .

in [1]. From Fig. 5a, at H1/H = 0.3 or H1/H = 0.85 , the effective
dielectric constants of the even and odd modes become equal. In Fig.
5b, the relative height of the lower substrate is fixed at H1/H = 0.3 ,
and the effective dielectric constants of the even and odd modes are
plotted as functions of frequency from 1GHz to 100GHz . The re-
sults in Fig. 5b show that the effective dielectric constants of the even
and odd modes are almost equal at all frequencies from f = 1GHz up
to f = 100GHz .

3.3 Effect of the Overlay

In Fig. 6a, the normalized phase velocities of the even and odd
modes are plotted as functions of the relative dielectric constant of
the overlay (εr4) at f = 1GHz for the configuration shown in Fig.
1. The dimensions used to produce the results in Fig. 6a are W1 =
W2 = 1mm , H = 1mm , S = 2mm , P = 1.5mm , H1 = 0.7mm ,
T = R = 5mm , E = F = 3mm , A = B = 0.99mm , L = 0.25mm ,
εr1 = 9.7 , εr2 = 2.2 , and εr3 = 1.0 . For the even and odd modes,
the total number of magnetic lines is N = 133 with discretization
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Figure 5a. Effective dielectric constant versus H1/H with W1 =
W2 = 1.5mm , S = 3mm , H = 1.5mm , εr1 = 2.2 , εr2 = εr3 = 9.7 ,
εr4 = 1 , T = R = 7.5mm , and f = 1GHz .

Figure 5b. Effective dielectric constant versus frequency with H1/H
= 0.3 and the same dimensions for Fig. 5a.
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distance h = 0.068mm , and N = 136 with h = 0.066mm , respec-
tively. The results based on the MoL technique are compared with
those obtained by the quasi static moment method [1]. The compar-
ison shows good agreement especially when the dielectric constant of
the overlay is not very large. As the dielectric constant of the overlay
is equal to εr4 = 7.2 , the normalized phase velocities of the even and
odd modes become equal. In Fig. 6b, the effective dielectric constants
of the even and odd modes are plotted as functions of frequency with
εr4 = 7.2 . The results show that the difference between the effective
dielectric constants of the even and odd modes is not significant as the
frequency increases from 1GHz up to 100GHz .

3.4 Effect of the Notch

The effect of the geometrical and electrical parameters of the notch
will be discussed in this section. The effective dielectric constants of
the even and odd modes are plotted in Fig. 7a versus the dielectric
constant of the notch εr3 . The MoL based results are compared with
those reported in [1]. Good agreement is observed in Fig. 7a especially
for the odd mode. For the even and odd modes, the total number of
magnetic lines is N = 133 with discretization distance h = 0.068mm ,
and N = 136 with h = 0.066mm , respectively. The dimensions of
Fig. 1 are W1 = W2 = H = 1mm , S = 2 , A = B = .99mm ,
T = R = 6mm , L = 0.48mm , εr1 = εr2 = 2.2 and εr4 = 1 [1].
The results shown in Fig. 7a indicates that as εr3 = 9.5 , the effective
dielectric constants of the even and odd modes become equal. Upon
fixing the dielectric constant of the notch equal to 9.5, the normalized
phase velocities of the even and odd mode are computed and plotted
as functions of frequency up to 100GHz as shown in Fig. 7b. Even
though the normalized phase velocities of the even and odd modes
started with equal values at f = 1GHz , they become totally different
at frequencies higher than 30GHz as shown in Fig. 7b.

The relative dielectric constant of the notch is then chosen to be
εr3 = 15 while the height of the notch is varied from L/H = 0.04
to L/H = 0.87 . The effective dielectric constants of the even and
odd modes are plotted versus the notch height (L/H) as shown in
Fig. 8a. The results show that as L/H = 0.117 or L/H = 0.7 , the
effective dielectric constants of the even and odd modes become equal.
No such equality can be obtained if the notch is filled with air. Upon
choosing L/H = 0.7 , the normalized phase velocities of the even and
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Figure 6a. Normalized phase velocity versus εr4 with W1 = W2 =
1mm , S = 2mm , H = 1mm , P = 1.5mm , H1 = 0.7mm , T = R =
5mm , E = F = 3mm , A = B = 0.99mm , L = 0.25mm , εr1 = 9.7 ,
εr2 = 2.2 , εr3 = 1 , and f = 1GHz .

Figure 6b. Effective dielectric constant versus frequency with εr4 =
7.2 and the same dimensions for Fig. 6a.
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Figure 7a. Effective dielectric constant versus εr3 with W1 = W2 =
H = 1mm , S = 2mm , A = B = 0.99mm , T = R = 6mm , L =
0.48mm , εr1 = εr2 = 2.2 , εr4 = 1 , and f = 1GHz .

Figure 7b. Normalized phase velocity versus frequency with εr3 = 9.5
and the same dimensions for Fig. 7a.
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Figure 8a. Effective dielectric constant versus notch height L/H with
εr3 = 15 , W1 = W2 = H = 1mm , S = 2mm , A = B = 0.99mm ,
T = R = 6mm , εr1 = εr2 = 2.2 , εr4 = 1 , and f = 1GHz .

Figure 8b. Normalized phase velocity versus frequency with L/H =
.7 and the same dimensions for Fig. 8a.
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Figure 9a. Normalized phase velocity versus S/2 with W1 = W2 =
H = 1mm , T = R = 6mm , εr1 = εr2 = 2.2 , εr3 = 15 , εr4 = 1 ,
L = 0.48mm , and f = 1GHz .

Figure 9b. Normalized phase velocity versus frequency with A = B =
.865mm and the same dimensions for Fig. 9a.
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odd modes are plotted versus the frequency and shown in Fig. 8b. The
results show that the normalized phase velocities of the even and odd
modes are deviating from each other at higher frequencies although
they started with equal values at low frequency.

The separation distance S (S = A+B) between the two symmetric
strips is changed to study its effect on the propagation constants of
the even and odd modes. In Fig. 9a, the normalized phase velocities
of the even and odd modes are plotted versus A = B = S/2 at f =
1GHz . The dimensions of Fig. 1 are W1 = W2 = H = 1mm ,
T = R = 6mm , L = 0.48mm , εr1 = εr2 = 2.2 , and εr4 = 1 . As
A = B = 0.865mm (S = 1.73mm) , the normalized phase velocities
of both the even and odd modes become equal. The separation S is
kept equal to 1.73mm and the normalized phase velocities of the even
and odd modes are computed and plotted versus the frequency up to
100GHz . The results are shown in Fig. 9b where the normalized phase
velocities of the even and odd modes are equal up to f = 30GHz but
they start to rapidly deviate from each other at higher frequencies.

4. CONCLUSIONS

The distortion of signals propagating over a coupled planar mi-
crostrip lines is investigated in this paper with special attention to the
behavior at high frequencies. For microstrip lines without a notch, or
with a notch having low dielectric constant, the numerical results show
that the parameters for distortionless lines obtained from the low fre-
quency solution can be used at high frequencies up to 100GHz . How-
ever, for transmission line structures with more inhomogeneous notch
between the lines, the parameters obtained at low frequency are found
to be appropriate only up to 30GHz for the geometry considered in
this paper.
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