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1. INTRODUCTION

Over several decades, electromagnetic (EM) scattering from a circular
disk has attracted researchers with a strong interest in the (monostatic
or backscattering) radar cross sections (RCS’s) of large dynamic range.
Usually, as reviewed by Duan and Rahmat-Samii [1], the following
groups of techniques are applied to the analysis of the electromagnetic
scattering from circular disks.

The first type is the physical optics (PO) [2] which is an approxi-
mate technique and is accurate for predicting the far-field pattern near
the main beam. The second type is the physical theory of diffraction
(PTD) [3] which is more accurate than the PO technique since the
equivalent edge current is applied and the caustic singularities in the
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original ray tracing are eliminated. This method is further modified (a)
by Ando [4] using equivalent edge currents, (b) by Mitzner [5] utilizing
the incremental length diffraction coefficients, and (c) by Michaeli [6, 7]
using surface–to–edge integral and the fringe current radiation integral
over the ray coordinates instead of the normal coordinates (also see [8]).
the third type is the geometrical theory of Diffraction (GTD) [9–13]
that is of similar accuracy to the PTD. This method was also modified
into (a) uniform geometrical theory of diffraction by Kouyoumijian
and Pathak [14], (b) uniform asymptotic technique by Ahluwalia et
al. [15] and Lee & Deschamps [16], and (c) High–Order Geometrical
Theory of Diffraction by Bechtel [17] and Ryan & Peters [18] (of the
1st order), by Knott et al. [19] (of the second order), and by Mars-
land et al. [20] (of the higher–orders). The fourth type is the method
of moments (MoM) or moment method (MM) [1] that is considered
to be numerically exact. The Hybrid Asymptotic Moment Method is
implemented by Kim and Thiele first who found the induced currents
on the scatterer surface. This method was further modified by Kaye,
Murthy and Thiele [21, 22], and thus the fifth type of methods was
formed, i.e., the hybrid–iterative method which employs the magnetic
field integral equation for the induced currents to solve the scattering
problems.

This paper presents a novel analysis of the classical electromag-
netic scattering problem, i.e., EM scattering from a conducting circular
disk. A hybrid method which combines the vector wave eigenfuction
expansion technique, the least squares technique, the mode-matching
method, and the dyadic Green’s function is applied to the derivative
of the unknown scattering coefficients of the expanded eigenfuctions of
the scattered fields. This method is similar to the MoM and therefore
has the same order of accuracy as the MoM. Orthogonality of the vec-
tor wave functions is partially utilized. The scattering coefficients are
obtained and expressed in terms of compact matrices. Numerical com-
putation of the radar cross sections of the perfectly conducting disk is
carried out and found to be faster than that in the Moment Method.
Experimental data and theoretical results published elsewhere are com-
pared with the results obtained in this paper. A good agreement in the
comparison confirms the applicability of the hybrid method developed
in this paper.
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Figure 1. Geometry of plane waves scattered by a conducting circular
disk.

2. EIGENFUCTIONAL EXPANSIONS OF
ELECTROMAGNETIC FIELDS

Consider the geometry shown in Fig. 1 where an incident plane elec-
tromagnetic wave is scattered by a perfectly conducting circular disk.

Two pairs of incident EM waves are used to account for parallel
( I ) and perpendicular ( II ) polarizations in this paper. They are
expressed by:

Ei
I = EI (cos αx̂− sin αẑ) eik0(x sinα+z cosα) (1a)

H i
I =

k0 EI
ωµ0

ŷ eik0(x sinα+z cosα) (1b)

and

Ei
II = EII ŷ eik0(x sinα+z cosα) (2a)

H i
II = −k0 EII

ωµ0
(cosαx̂− sinαẑ) eik0(x sinα+z cosα) (2b)

It is assumed for convenience that the incident wave lies on the x̂ẑ-
plane, i.e., φ′ = 0 .
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These two polarized incident EM fields in (1) and (2) can be ex-
panded in terms of vector wave eigenfunctions defined in the spherical
coordinates system as follows:

Me
o
mn(k) =∓ mzn(kr)

sin θ
Pm
n (cos θ)

sin
cos

mφθ̂θθ

− zn(kr)
∂Pm

n (cos θ)
∂θ

cos
sin

mφφ̂φφ

Ne
o
mn(k) =

n(n + 1)zn(kr)
kr

Pm
n (cos θ)

cos
sin

mφr̂

+
∂[rzn(kr)]

kr∂r

∂Pm
n (cos θ)
∂θ

cos
sin

mφθ̂θθ

∓ m

sin θ

∂[rzn(kr)]
kr∂r

Pm
n (cos θ)

sin
cos

mφφ̂φφ

where zn(kr) represents the spherical Bessel functions of n-order, and
Pm
n (cos θ) is the associated Legendre function.
The incident waves under the two polarizations have, as introduced

by Morrison and Cross [23], the following forms:

Ei
I
II

=
∞∑
n=1

n∑
m=0

[
aio
e
mnMo

e
mn (k0) + be

o
mnNe

o
mn (k0)

]
(4a)

H i
I
II

=
ik0

ωµ0

∞∑
n=1

n∑
m=0

[
aio
e
mnNo

e
mn (k0) + bie

o
mnMe

o
mn (k0)

]
(4b)

where the spherical Bessel functions of the first kind, i.e., zn(k0r) =
jn(k0r) , are used in the above vector wave functions, the orthogonal
properties of Me

o
mn (k0) and Ne

o
mn (k0) are considered, and the coef-

ficients of the expanded incident EM fields, aie
o
mn and bie

o
mn are given

by

aio
e
mn = (2− δm0) inNnm

{
mPmn (cosα)

sinα EI

−∂Pmn (cosα)
∂α EII

}
, (5a)

bie
o
mn = −(2− δm0) in+1Nnm

{
∂Pmn (cosα)

∂α EI
mPmn (cosα)

sinα EII

}
, (5b)

where δmn ( = 1 for m = n ; and 0 for m �= n ) denotes the Kronecker
symbol and Nnm is the normalization coefficient given by

Nnm =
(2n + 1)
n(n + 1)

(n−m)!
(n + m)!

. (6)
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To solve for the unknown scattered field, the following well-known
integrals of scattered fields excited by the surface current distribution
Js in free-space are recommended:

Es
I
II

= iωµ0

∫∫
A
GEJ0(r, r′) · JsI

II

(r′)dS′ (7a)

Hs
I
II

=
∫∫

A
∇×GEJ0(r, r′) · JsI

II

(r′)dS′ (7b)

where the subscript A represents the area of the conducting circular
disk, GEJ0(r, r′) denotes the dyadic Green’s function of the electric
kind in free space, and JsI

II

(r′) represents the surface current distribu-

tion on the disk. The subscript I
II used denotes the parallel ( I ) and

perpendicular ( II ) polarized wave excitations.
The dyadic Green’s function of the electric kind in free space wave

given earlier in terms of the spherical vector wave functions by Tai [24]
and applied by Li et al. [25] recently. It is written as

GEJ0(r, r′) = − r̂r̂
k2

0

δ(r − r′) +
ik0

4π

∞∑
n=1

n∑
m=0

(2− δm0)Nnm

·



M

(1)
e
o
mn

(k0)M ′
e
o
mn (k0) +N (1)

e
o
mn

(k0)N ′e
o
mn (k0), r ≥ r′ ;

Me
o
mn(k0)M

′(1)
e
o
mn

(k0) +Ne
o
mn(k0)N

′(1)
e
o
mn

(k0), r ≤ r′.
(8)

It is to be noted that the notations e
omn and o

emn of the dyadic Green’s
function in (8) have a different meaning from those in (4)-(5) where
the upper (or lower) notation denotes the I parallel (or the II per-
pendicular) polarization. Here in (8), it means the summation form of
both even and odd modes should be taken into account when the in-
tegrals in (7) are evaluated. Thus, when the Green’s function in (7) is
integrated, positions of the upper and lower notations emn and omn
can be exchanged.

Clearly, we can solve the problem easily if the surface current distri-
bution is known. To obtain the surface current distribution, different
approaches are employed, as briefly reviewed in the Introduction sec-
tion. Among those approaches, some of them assumed approximate
equivalent edge currents, but the Method of Moments is considered
to be a numerically exact technique which expands the current dis-
tribution into a series of assumed and known basis functions. Once
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these expansion coefficients are determined by matching the boundary
conditions for the electric fields on the conducting surface, the sur-
face current distribution can be obtained, from which the scattered
electric field can be evaluated using (7). This method has been well-
documented by Harrington [26, 27] and has also been applied by Duan
et al. [1].

In this paper, we proposed a new hybrid method for solving this
scattering problem. As we know, the PO surface current on the patch
can be obtained by using

JPOI
II

= 2n̂ ×H i
I
II

(r′) = −2 θ̂θθ ×H i
I
II

(r′), (9)

where the incident magnetic field is given by (4b). In an explicit form,
the r̂-component and θ̂θθ component are expressed by

JPO,rI
II

=− i2k0

ωµ0

∞∑
m=0

{[ cos
sin

(mφ′)
]

·
∞∑
n=m

(1− δn0)
[
±aio

e
mn

∂[r′jn(k0r
′)]

k0r′∂r′
mPm

n (0)

−bie
o
mn jn(k0r

′)
∂Pm

n (0)
∂θ

]}
, (10a)

JPO,φI
II

=
i2k0

ωµ0

∞∑
m=1

[
sin
cos

(mφ′)
]

·
∞∑
n=m

(1− δn0)
[
aio
e
mn

n(n + 1)jn(k0r
′)

k0r′
Pm
n (0)

]
. (10b)

It should be pointed out that the following relationships exist

Pm
n (0) = 0, n + m odd,

dPm
n (0)
dθ

= 0, n + m even.

In principle, the radial component of the electric current almost van-
ishes at the edge which the azimuth component of the electric current
becomes almost infinity at the edge [9]. Thus we may assume, based
on the PO electric current, a modified form of the electric current with
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the following components:

JrI
II

=− i2k0

ωµ0

[
1
0

]
·
∞∑
n=1

[
±aio

e
0n

∂[r′jn(k0r
′)]

k0r′∂r′
P 0
n(0)

− bie
o
0n jn(k0r

′)
∂P 0

n(0)
∂θ

]

− i2k0

ωµ0

∞∑
m=1

{
Am
I
II

√
1− p

(
r′

a

)2 [cos
sin

(mφ′)
]

·
∞∑
n=m

[
±aio

e
mn

∂[r′jn(k0r
′)]

k0r′∂r′
mPm

n (0)− bie
o
mn jn(k0r

′)
∂Pm

n (0)
∂θ

]}
,

(11a)

JφI
II

=
i2k0

ωµ0

[
0
1

]
·
∞∑
n=1

[
ao
e
0n

n(n + 1)jn(k0r
′)

k0r′
P 0
n(0)

]

+
i2k0

ωµ0

∞∑
m=1

{ Bm
I
II√

1− p
(
r′

a

)2

[
sin
cos

(mφ′)
]

·
∞∑
n=m

[
aio
e
mn

n(n + 1)jn(k0r
′)

k0r′
Pm
n (0)

]}
(11b)

where Am
I
II

and Bm
I
II

(m = 1, 2, · · ·) are two coefficient vectors to be

determined.

3. ANALYSIS USING HYBRID METHOD

To determine the two unknown coefficients, the boundary conditions
on the patch surface must be employed. The conditions in vector form
are given as follows:

θ̂θθ ×
(
Ei

I
II

+Es
I
II

)
= 0. (12)

Apparently, the left-hand side of (12) is a function of radial distance r
and angle φ . If the Method of Moments is applied, we used to multiply
the weighting function (or the basis function in the Galerkin’s method)
to the both sides of (12) and to integrate them over the spatial domain
region. In a similar fashion, here we multiply both the left and right
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hand sides of (12) by cos
sin (mφ) and integrate them over 0 to 2π . We

then have
Am
I
II

ηAmI
II

(ri) + Bm
I
II

ηBmI
II

(ri) = χmI
II

(ri), (13a)

Am
I
II

ξAmI
II

(ri) + Bm
I
II

ξBmI
II

(ri) = τmI
II

(ri), (13b)

where the six coefficients ηA
mI
II

(ri) , ηB
mI
II

(ri) , ξA
mI
II

(ri) , ξB
mI
II

(ri) ,
χmI

II
(ri) , and τmI

II
(ri) at a particular point r = ri (i = 1, 2, · · · , N

and N is the number of the discrete points) are given by

ηAmI
II

(ri) =− ik2
0

2

[
1 + δm0

1− δm0

] ∞∑
n=m

[n(n + 1)Pm
n (0)]2

×
{
h

(1)
n k0ri
k0ri

∞∑
n′=m

[
±C2

(m,n′)I
II

(ri)− C3
(m,n′)I

II
(ri)

]

+
jn(k0ri)
k0ri

∞∑
n′=m

[
±D2

(m,n′)I
II

(ri)−D3
(m,n′)I

II
(ri)

]}
, (14a)

ηBmI
II

(ri) =∓ imk2
0

2

∞∑
n=m

{
n(n + 1)[Pm

n (0)]2
}

×
{
h

(1)
n (k0ri)
k0ri

∞∑
n′=m

[
C4

(m,n′)I
II

(ri)
]

+
jn(k0ri)
k0ri

∞∑
n′=m

[
D4

(m,n′)I
II

(ri)
]}

, (14b)

ξAmI
II

(ri) =± imk2
0

2

[
1− δm0

1 + δm0

] ∞∑
n=m

{
n(n + 1)[Pm

n (0)]2
}

×
{
∂[rih

(1)
n (k0ri)]

k0ri∂ri

∞∑
n′=m

[
±C2

(m,n′)I
II

(ri)− C3
(m,n′)I

II
(ri)

]

∂[rijn(k0ri)]
k0ri∂ri

∞∑
n′=m

[
±D2

(m,n′)I
II

(ri)−D3
(m,n′)I

II
(ri)

]}
, (14c)

ξBmI
II

(ri) =
ik2

0

2

[
1− δm0

1 + δm0

] ∞∑
n=m

[
∂Pm

n (0)
∂θ

]2

×
{
h(1)
n (k0ri)

∞∑
n′=m

[
C1

(m,n′)I
II

(ri)
]
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+ jn(k0ri)
∞∑

n′=m

[
D1

(m,n′)I
II

(ri)
]}

+
im2k2

0

2

[
1− δm0

1 + δm0

] ∞∑
n=m

[Pm
n (0)]

×
{
∂[rijn(k0ri)]

k0ri∂ri

∞∑
n′=m

[
C4

(m,n′)I
II

(ri)
]

+
∂[rih

(1)
n (k0ri)]

k0ri∂ri

∞∑
n′=m

[
D4

(m,n′)I
II

(ri)
]}

, (14d)

χmI
II

(ri) =
∞∑
n=m

[
bie
o
mn

n(n + 1)jn(k0ri)
k0ri

Pm
n (0)

]
, (14e)

τmI
II

(ri) =
∞∑
n=m

(1− δn0)
[
−aio

e
mn jn(k0ri)

∂Pm
n (0)
∂θ

∓ bie
o
mnm

∂[rijn(k0ri)]
k0ri∂ri

Pm
n (0)

]
, (14f)

with the intermediate parameters Ci
(m,n′)I

II

(ri) and Di
(m,n′)I

II

(ri) ( i =
1, 2, 3, and 4) defined as follows:

C1
(m,n′)I

II
(ri) = aio

e
mn′ n

′(n′ + 1)Pm
n′ (0)

∫ ri

0
r′dr′

× jn(k0r
′)

jn′(k0r
′)

k0ri

1√
1− p

(
r′

a

)2
, (15a)

C2
(m,n′)I

II
(ri) = aio

e
mn′mPm

n′ (0)
∫ ri

0
r′dr′

× jn(k0r
′)

k0r′
∂[r′jn′(k0r

′)]
k0r′∂r′

√
1− p

(
r′

a

)2

, (15b)

C3
(m,n′)I

II
(ri) = bie

o
mn′

∂Pm
n′ (0)
∂θ

∫ ri

0
r′dr′

× jn(k0r
′)
jn′(k0r

′)
k0r′

√
1− p

(
r′

a

)2

, (15c)
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C4
(m,n′)I

II
(ri) = aio

e
mn′ n

′(n′ + 1)Pm
n′ (0)

∫ ri

0
r′dr′

× ∂[r′jn′(k0r
′)]

k0r′∂r′
jn′(k0r

′)
k0r′

1√
1− p

(
r′

a

)2
; (15d)

and

D1
(m,n′)I

II
(ri) = aio

e
mn′ n

′(n′ + 1)Pm
n′ (0)

∫ a

ri

r′dr′

× h(1)
n (k0r

′)
jn′(k0r

′)
k0r′

1√
1− p

(
r′

a

)2
; (16a)

D2
(m,n′)I

II
(ri) = aio

e
mn′mPm

n′ (0)
∫ a

ri

r′dr′

× h
(1)
n (k0r

′)
k0r′

∂[r′jn′(k0r
′)]

k0r′∂r′

√
1− p

(
r′

a

)2

, (16b)

D3
(m,n′)I

II
(ri) = bie

o
mn′

∂Pm
n′ (0)
∂θ

∫ a

ri

r′dr′

× h(1)
n (k0r

′)
jn′(k0r

′)
k0r′

√
1− p

(
r′

a

)2

, (16c)

D4
(m,n′)I

II
(ri) = aio

e
mn′ n

′(n′ + 1)Pm
n′ (0)

∫ a

ri

r′dr′

× ∂[r′h(1)
n′ (k0r

′)]
k0r′∂r′

jn′(k0r
′)

k0r′
1√

1− p
(
r′

a

)2
. (16d)

In order to get the solution, each equation in Eq. (13) is split into
two parts, namely the real part and the imaginary part, as follows:

ArmI
II

ηrAmI
II

(ri)−AimI
II

ηiAmI
II

(ri) + BrmI
II

ηrBmI
II

(ri)

−BimI
II

ηiBmI
II

(ri) = χrmI
II

(ri), (17a)

ArmI
II

ηiAmI
II

(ri)+AimI
II

ηrAmI
II

(ri) + BrmI
II

ηiBmI
II

(ri)

+ BimI
II

ηrBmI
II

(ri) = χimI
II

(ri), (17b)
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ArmI
II

ξrAmI
II

(ri)−AimI
II

ξiAmI
II

(ri) + BrmI
II

ξrBmI
II

(ri)

−BimI
II

ξiBmI
II

(ri) = τrmI
II

(ri), (17c)

ArmI
II

ξiAmI
II

(ri)+AimI
II

ξrAmI
II

(ri) + BrmI
II

ξiBmI
II

(ri)

+ BimI
II

ξrBmI
II

(ri) = τimI
II

(ri), (17d)

where the letters r and i attached indicate the real and imaginary
parts of the corresponding variables and coefficients, i.e.,

Am
I
II

= ArmI
II

+ i AimI
II

, (18a)

Bm
I
II

= BrmI
II

+ i BimI
II

. (18b)

To determine the unknown coefficients ArmI
II

, AimI
II

and BrmI
II

, BimI
II

in the above equations, the least squares method is proposed as follows:

[
σrρ

]2 =
N∑
i=1

[
ArmI

II

ηrAI
II

(ri)−AimI
II

ηiAmI
II

(ri) + BrmI
II

ηrBmI
II

(ri)

−BimI
II

ηiBmI
II

(ri)− χ rmI
II

(ri)
]2

, (19a)

[
σiρ

]2 =
N∑
i=1

[
ArmI

II

ηiAmI
II

(ri) + AimI
II

ηrAmI
II

(ri) + BrmI
II

ηiBmI
II

(ri)

+ BimI
II

ηrBmI
II

(ri)− χ imI
II

(ri)
]2

, (19b)

[
σrφ

]2 =
N∑
i=1

[
ArmI

II

ξrAmI
II

(ri)−AimI
II

ξiAmI
II

(ri) + BrmI
II

ξrBmI
II

(ri)

−BimI
II

ξiBmI
II

(ri)− τrmI
II

(ri)
]2

, (19c)

[
σiφ

]2 =
N∑
i=1

[
ArmI

II

ξiAmI
II

(ri) + AimI
II

ξrAmI
II

(ri) + BrmI
II

ξiBmI
II

(ri)

+ BimI
II

ξrBmI
II

(ri)− τimI
II

(ri)
]2

, (19d)

where
[
σrρ

]2 ,
[
σiρ

]2 ,
[
σrφ

]2
, and

[
σiφ

]2
stand for the error squares of

Eqs. (17a), (17b), (17c), and (17d) separately. Therefore, the global
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error square is the sum of (19a), (19b), (19c), and (19d), i.e.,

σ2
global =

[
σrρ

]2 +
[
σiρ

]2 +
[
σrφ

]2 +
[
σiφ

]2
. (20)

To minimize the global error square, we enforce its derivatives with
respect to ArmI

II

, AimI
II

, BrmI
II

and BimI
II

to be zero as follows:

∂σ2
global

∂ArmI
II

= 0, (21a)

∂σ2
global

∂AimI
II

= 0, (21b)

∂σ2
global

∂BrmI
II

= 0, (21c)

∂σ2
global

∂BimI
II

= 0. (21d)

From Eqs. (21a), (21b), (21c), and (21d), we obtain the following so-
lutions:



ArmI
II

AimI
II

BrmI
II

BimI
II




=




Φ1
mI
II

Φ2
mI
II

Ψ1
mI
II

Ψ2
mI
II







ΓmI
II

0 Ω1
mI
II

Ω2
mI
II

0 ΓmI
II

−Ω2
mI
II

Ω1
mI
II

Ω1
mI
II

−Ω2
mI
II

ΥmI
II

0

Ω2
mI
II

Ω1
mI
II

0 ΥmI
II




−1

(22)

where

ΓmI
II

=
N∑
i=1

{[
ηrAmI

II
(ri)

]2
+

[
ηiAmI

II
(ri)

]2
+

[
ξrBmI

II
(ri)

]2
+

[
ξiAmI

II
(ri)

]2
}

,

(23a)
ΥmI

II
=

N∑
i=1

{[
ηrBmI

II
(ri)

]2
+

[
ηrBmI

II
(ri)

]2
+

[
ξrBmI

II
(ri)

]2
+

[
ξiBmI

II
(ri)

]2
}

,

(23b)
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Ω1
mI
II

=
N∑
i=1

[
ηrAmI

II
(ri)ηrBmI

II
(ri) + ηiAmI

II
(ri)ηiBmI

II
(ri)

+ ξrAmI
II

(ri)ξrBmI
II

(ri) + ξiAmI
II

(ri)ξrBmI
II

(ri)
]
, (23c)

Ω2
mI
II

=
N∑
i=1

[
−ηrAmI

II
(ri)ηiBmI

II
(ri) + ηiAmI

II
(ri)ηrBmI

II
(ri)

− ξrAmI
II

(ri)ξiBmI
II

(ri) + ξiAmI
II

(ri)ξrBmI
II

(ri)
]
, (23d)

Φ1
mI
II

=
N∑
i=1

[
ηrAmI

II
(ri)χrmI

II
(ri) + ηiAmI

II
(ri)χimI

II
(ri)

+ ξrAmI
II

(ri)τrmI
II

(ri) + ξiAmI
II

(ri)τimI
II

(ri)
]
, (23e)

Φ2
mI
II

=
N∑
i=1

[
ηrAmI

II
(ri)χimI

II
(ri)− ηiAmI

II
(ri)χrmI

II
(ri)

+ ξrAmI
II

(ri)τimI
II

(ri)− ηiAmI
II

(ri)τrmI
II

(ri)
]
, (23f)

Ψ1
mI
II

=
N∑
i=1

[
ηrBmI

II
(ri)χrmI

II
(ri) + ηiBmI

II
(ri)χimI

II
(ri)

+ ξrBmI
II

(ri)τrmI
II

(ri) + ξiBmI
II

(ri)τimI
II

(ri)
]
, (23g)

Ψ2
mI
II

=
N∑
i=1

[
ηrBmI

II
(ri)ξimI

II
(ri)− ηiBmI

II
(ri)χrmI

II
(ri)

+ ξrBmI
II

(ri)τimI
II

(ri)− ξiBmI
II

(ri)τrmI
II

(ri)
]
. (23h)

The number N used in (23) denotes the point number of the least
squares fitting, subject to the requirement of accuracy. Once they are
obtained, ArmI

II

, AimI
II

, BrmI
II

and BimI
II

, Am
I
II

and Bm
I
II

can be easily

obtained from (18a) and (18b).
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4. Scattered Electromagnetic Fields

After obtaining the coefficients Am
I
II

and Bm
I
II

, we can further derive

the scattered electromagnetic fields by substituting (11) together with
(18) into (7).

The scattered electric field is therefore obtained as

Es
I
II

=
∞∑
n=1

n∑
m=0

[
As
o
e
mnM

(1)
o
e
mn

+ Bs
o
e
mnN

(1)
o
e
mn

]
, (24)

where the subscript (1) denotes that the spherical Bessel functions
zn(kr) in the vector wave functions take the form of the spherical
Hankel functions of the first kind h

(1)
n (kr) , and the scattering coeffi-

cients are given by

Aso
e
mn =BmI

II

ik0

2
Cmn

[
1− δm0

1 + δm0

]
∂Pm

n (0)
∂θ

∞∑
n′=m

aio
e
mn Pm

n′ (0)n′(n′ + 1)

×
∫ a

0

jn′(k0r
′)jn(k0r

′)√
1− p

(
r′

a

)2
dr′, (25a)

Bso
e
mn =±BmI

II

i

2
CmnmPm

n (0)
∞∑
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aio
e
mn Pm

n′ (0)n′(n′ + 1)

×
∫ a

0

∂[r′jn′(k0r
′)]

∂r′
jn(k0r

′)√
1− p

(
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a

)2
dr′

+ AmI
II
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1 + δm0
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×
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±aio

e
mnmPm
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0
dr′

∂[r′jn′(k0r
′)]

k0r′∂r′

× jn(k0r
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√
1− p

(
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)2

− bio
e
mn

∂Pm
n′ (0)
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×
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0
dr′jn′(k0r

′)jn(k0r
′)

√
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(
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}
. (25b)
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5. BACKSCATTERING CROSS SECTION

The backscattering cross section is defined as

σ = lim
r→∞

[
4πr2 |Es|2

|Ei|2

]
, (26)

in which |Es| and |Ei| are the amplitudes of scattered and incident
electric fields, respectively. The normalized backscattering cross sec-
tion for a perfectly conducting circular disk is defined as

σnormal =
σ

πa2
, (27)

where a is the radius of the disk.

6. NUMERICAL DISCUSSION

With the formulation developed in the previous section, we have per-
formed the computation of the monostatic RCS’s for a disk of 2 inch
and 4.5 inch radii, and the normalized monostatic RCS’s at a frequency
of 10 GHz for cases where k0a = 8.59 and 9.45. For all the cases com-
puted, the thickness of the perfectly conducting disk is considered as
infinitesimal, and the RCS computation is performed for both parallel
and perpendicular polarizations. At the same time, the modification
constant p is taken as 0.99 and the point number of the least square
fitting N = 20 .

In order to check the effectiveness of the present method based on
the modified PO current, the numerical data for all the cases mentioned
above are compared with the published measured data and the results
obtained using the PO method.

Fig. 2 and Fig. 3 show the angular behaviors of the backscattering
cross sections of circular disks of radii 2 inch and 4.5 inch, respectively.
In both these figures, part (a) corresponds to the parallel polarization
incident wave, while part (b) corresponds to the perpendicular polar-
ization case. It can be seen from the figures that the results obtained
from the present method agree with the measured results much better
than those of PO method throughout the whole range of the backscat-
tering angle from -90 to 90 degrees. Especially for the RCS’s shown in
the Fig. 2(b) of the 2-inch disk illuminated by the perpendicular polar-
ization incident wave, our method produces very good results close to



116 Li et al.

the experimental data. It can be observed that in the low range from
around ±60 degrees to ±90 degrees, the RCS level obtained from the
PO method for the small disk drops below minus fifty dB which is far
away from the measure results, while the result of the present hybrid
method still agrees reasonably well with the measured data. Since it
is well known that the PO method has an inherent weakness when
applied to calculate the scattering of the relatively small object, it is
of no surprise to see such phenomena. Meanwhile, this also indicates
the great improvement introduced by the hybrid method that is newly
proposed based on e modified PO current.

When computing the RCS for the large disk with the radius 4.5
inch, the same point number of the least square fitting is adopted
which means the computation time has almost not increased with the
increased disk size. It is observed from Fig. 3 that the result of the hy-
brid method still agrees well with the measured result. It is well-known
that the Method of Moment fails when the object dimension becomes
very large. The method can deal with the large disk; especially, the
speed of the analysis can be almost retained. This indicates another
advantage of the new method presented.

Similar comparisons are also shown in Fig. 4 and Fig. 5 with the
normalized backscattering cross sections for cases where k0a = 8.59
and 9.45 (a/λ = 1.367 and 1.5), respectively. The same parameters of
a and f as those in the experiment are used for ease of comparison.
The results of the hybrid method also agree well with the measured
data especially for the low angular behavior of RCS’s for the perpen-
dicular polarization incident wave. Phenomena similar to those of the
2 inch disk are observed.

7. CONCLUSIONS

In this paper, a novel hybrid method has been developed for the analy-
sis of the classical electromagnetic scattering by a perfectly conducting
circular disk. It provides an alternative way to solve electromagnetic
scattering problems. This method combines the eigenfunction expan-
sion technique, the model matching technique, the least squares fitting
method, and the dyadic Green’s function technique. With this hy-
brid technique, the unknown scattering coefficients of the expanded
eigenfunctions in the expression of the scattered fields are derived in
a compact matrix form in this paper. Both TE- and TM-mode inci-
dent plane waves are considered in the analysis. After the scattering
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Figure 2. Monostatic RCS patterns of a circular disk ( a = 2 inch and
f = 10 GHz) from (i) the measurement, (ii) the PO method, and (iii)
our method.



118 Li et al.

Figure 3. Monostatic RCS patterns of a circular disk ( a = 4.5 inch
and f = 10 GHz) from (i) the measurement, (ii) the PO method, and
(iii) our method.
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Figure 4. Normalized monostatic RCS patterns of a circular disk
( k0a = 9.45 and f = 10 GHz) from (i) the measurement, (ii) the
PO method, and (iii) our method.
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Figure 5. Normalized monostatic RCS patterns of a circular disk
( k0a = 8.59 and f = 10 GHz) from (i) the measurement, (ii) the
PO method, and (iii) our method.
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coefficients are successfully obtained in a closed form, numerical com-
putation of the radar cross sections of the perfectly conducting disk has
been carried out. The results are compared with some published mea-
sured data and the results obtained using the POmethod. A reasonably
good agreement between the experimental data and our computed re-
sults is shown in the comparison. It is also shown that similar to the
Method of Moments, the hybrid method achieves a higher accuracy
than that of the conventional PO method. At the same time, it can
be applied to a relatively large disk without considerably increasing
the computation time. With this method, computational speed can
be controlled by choosing appropriate number and distribution of the
least squares points, subject to the required accuracy.
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