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1. INTRODUCTION

The vector wave functions, which are first proposed by Hansen to study
the electromagnetic radiation problems [1], are important concepts in
electromagnetism. This concept, which has been extensively developed
by Morse and Feshbach [2], Tai [3], and Zhou [4] in studying the electro-
magnetic boundary-value problems, seems to gain increasing interest
and importance. The vector wave functions have found versatile ap-
plications and presented great advantages when compared with other
methods (e.g., three-dimensional moment method [5], coupled-dipole
method [6], and integral-equation technique [7]). However, the vec-
tor wave functions in any given complex media need to be developed,
in order to provide methodological convenience in studying the elec-
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tromagnetic properties of these materials. Moreover, to establish the
reliability and applicability of the vector wave functions in studying
the physical properties of the complex media, convergence properties
of the series involved must be extensively examined.

Basically, there are five analytical and numerical methods, which are
based on the eigenfunction solution of the wave equation, to investigate
the electromagnetic phenomena, i.e., the mode-matching method [8],
the perturbation approach [9], the T-matrix method [10], the point-
matching method [11], and the multipole technique [12]. Despite of
the fact that the mode-matching method can provide rigorous criteria
for other numerical methods, it is only applicable to simple boundary-
value problems which allow the Helmholtz equation to have a sepa-
ration of variable-based solution. The perturbation method, which
involves a Taylor expansion of the fields on the boundary, requires
the smallness of the boundary perturbation so that the higher order
terms can be neglected. Although the T-matrix method have been
widely employed to study the electromagnetic boundary-value prob-
lems of isotropic media, this formulation, derived from the Huygens’s
principle and extinction theorem, requires that the Green dyadic in the
exterior region must be expressible in terms of the eigenfunctions. Fur-
thermore, due to the limited knowledge about the Huygens’s principle
and extinction theorem in complex material, it is often very difficult to
obtain the T-matrix formulation. These constraints on the T-matrix
method make it unsuitable to investigate the boundary-value prob-
lems of complex materials where we can not obtain the eigenfunction
expansion of Green dyadic. (For complex materials, the solution of
the source-incorporated problems, which involves the Green dyadic, is
much more difficult than the source-free one.) Although the point-
matching method is not limited by the same constraint condition as
T-matrix method, it is well-known that it is more time-consuming for
not-the-near-circular or -spherical geometry problems. The multipole
technique, which requires the knowledge of the eigenfunction expansion
of the field distribution of unit source, is difficult to explore for investi-
gating the physical phenomena of complex materials. Considering the
applicability scope of these methods, other computational approaches
based on the vector wave functions, which should be superior to these
already existing methods, still need to be studied so as to provide the
methodological convenience in investigating and exploring the physical
phenomena involved in complex materials.
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With recent advances in polymer synthesis techniques, increasing
attention is being paid to the analysis of interaction of electromagnetic
waves with composite materials, in order to determine how to use these
materials to provide better solutions to current engineering problems
[13–15]. In the present study, a concept of gyromagnetic uniaxial chiral
medium is proposed to generalize the well-studied reciprocal chiral
medium, gyromagnetic medium, and uniaxial medium with chirality.
In practice, a general form of gyromagnetic uniaxial chiral medium
can be created by mixing three sets of small metal helices in a host
gyromagnetic medium (e.g., magnetically biased ferrite), with the axes
of two sets perpendicular and parallel to a fixed direction, respectively,
and the other set distributed in random orientations and locations.
From a phenomenological point of view, a gyromagnetic uniaxial chiral
medium with the preferred axis of z direction can be characterized by
a set of constitutive relations

D = ε · E − ξ ·H (1a)

B = µ ·H + ξ · E (1b)

where ε = εtIt+εzezez, and µ = µtIt+µzezez−igez×It are the per-
mittivity and permeability dyadics, respectively. ξ = i(µ0ε0)1/2(αIt +
γezez) is the uniaxial magnetoelectric pseudo-dyadic, where It =
I − ezez is the transverse unit dyadic, µ0 and ε0 are the permit-
tivity and permeability of free space, respectively. Here, I is the unit
idem factor and ej represents unit vector in the j direction. α and
γ are transverse and axial chirality parameters, respectively. Instead
of three parameters for the reciprocal chiral medium, we are facing a
medium with seven constitutive parameters, which could provide more
flexibility for fabrication design.

To have an idea of a medium with parameter dyadics of the above
forms, we first note that the special case with g = γ = 0 corresponds
to the transversely chiral uniaxial bianisotropic medium studied ear-
lier [16]. This medium can be created by scattering metal helices in
a dielectric host material in such a way that the axes of all helices
are arranged to be perpendicular to the z axis, but possess arbitrary
orientations and locations. When g = α = 0, this medium is termed
as uniaxial chiral medium [17], and can be realized by mixing conduc-
tive helices in a dielectric basement medium in such a manner that
the axes of all helices are arranged to be parallel to the z axis but
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with random locations. For the special case of α = γ, the material is
the already-known chiroferrite medium [18], which can be created by
arbitrarily immersing short helices in a magnetized ferrite.

The gyromagnetic uniaxial chiral medium is a subset of the wider
class referred to as bianisotropic media. Excellent works in general
bianisotropic media have been done by Post [19], Kong [8], and Chen
[20] among others. Different from these general considerations, the
present investigation is intended to develop the cylindrical vector wave
functions to represent the electromagnetic fields in source-free gyro-
magnetic uniaxial chiral medium and propose an extended mode-
matching method to study the two-dimensional electromagnetic
boundary-value problems of gyromagnetic uniaxial chiral medium. The
formulations of the cylindrical vector wave functions are considerably
facilitated by using the concept of characteristic wave and the method
of angular spectrum expansion [21] . This extended method leads to
compact and explicit expressions of the field representations in terms
of the cylindrical vector wave functions. Furthermore, to make the
efficient recursive algorithm developed by Chew [22] available to lay-
ered structures and multiple scatterers consisting of gyromagnetic uni-
axial chiral media, an outline to derive the addition theorem of the
vector wave functions for gyromagnetic uniaxial chiral medium is de-
scribed. For applications of the present cylindrical vector wave func-
tions, an extended mode-matching method is proposed to study the
two-dimensional electromagnetic scattering of a cylinder with arbi-
trary cross section and a conducting circular cylinder with an inho-
mogeneous coating thickness. To check the convergence of the present
cylindrical vector wave functions for multiple-body problem, electro-
magnetic scattering by two circular cylinders of gyromagnetic uniaxial
chiral media is also investigated. Excellent convergence properties of
the cylindrical vector wave functions in these application examples are
numerically verified, which establishes the reliability and applicability
of the present formulation.

This manuscript is organized as follows. In Sec. 2, based on the
concept of characteristic waves and the method of angular spectral
expansion, the cylindrical vector wave functions in source-free gyro-
magnetic uniaxial chiral medium are developed to represent the elec-
tromagnetic field. It is found that the solutions of the source-free vector
wave equation for gyromagnetic uniaxial chiral medium are composed
of two transverse waves and a longitudinal wave. Addition theorem
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of the vector wave functions for gyromagnetic uniaxial chiral medium
can be directly obtained from its counterpart for isotropic medium.
In Sec. 3, to illustrate how to use the present cylindrical vector wave
functions in a practical way and examine the convergence properties
of the infinite series involved, an extended mode-matching method is
proposed to study the electromagnetic scattering of a gyromagnetic
uniaxial chiral cylinder with arbitrary cross section and a conducting
circular cylinder with an inhomogeneous coating thickness of gyromag-
netic uniaxial chiral medium. To check the convergence of the present
cylindrical vector wave functions for multiple-body problem, electro-
magnetic scattering by two circular cylinders of gyromagnetic uniaxial
chiral media is also investigated. The formulations for these numeri-
cal calculation are briefly described in this context, and for the sake
of consistency the details are arranged in the Appendices. Extensive
computations reveal that the infinite series involved in these applica-
tion examples have the excellent convergence properties, which estab-
lishes the reliability and applicability of the present cylindrical vector
wave functions. Sec. 4 concludes this manuscript with a remark on
the present cylindrical vector wave functions and the extended mode-
matching method.

In the following analysis, the harmonic exp(iωt) time dependence is
assumed and suppressed. In the notations we adopted, double overline
is used to represent dyadics and overline is used for vectors.

2. CYLINDRICAL VECTOR WAVE FUNCTIONS

In this section, we will try to give the eigenfunction expansion of the
electromagnetic waves in a gyromagnetic uniaxial chiral medium, based
on the concept of characteristic waves and the method of angular spec-
tral expansion [21].

Substituting the constitutive relations (1a) and (1b) into the source-
free Maxwell’s equations, a H -field vector wave equation is obtained

∇×ε−1·∇×H+iω(∇×ε−1·ξ·H+ξ·ε−1·∇×H)−ω2(µ+ξ·ε−1·ξ)·H = 0
(2)

The characteristic waves corresponding to (2) can be examined in the
Fourier transform domain, which leads to the characteristic equation

aε′k4ρ − [(k2z − a)(a+ a′ε′ − e2)− (bkz + c)(bkz − 2ekz + c)]k2ρ
+ [(k2z − a)2 + (bkz + c)2]a′ = 0

(3)
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where
a = ω2(εtµt − ε0µ0α

2)
b = 2ik0α

c = iω2εtg

e = ik0(α+ ε′γ)

a′ = ω2(εtµz − ε0µ0γ
2ε′)

and k0 = ω(ε0µ0)1/2, ε′ = εt/εz.
Designating the roots of (3) as kρ = kρq (q = 1, 2, 3, 4), the magnetic

eigenwaves can be written as

Hq(kz, φk) =[Aq(kz) cos(φ− φk) +Bq(kz) sin(φ− φk)]eρ
+ [−Aq(kz) sin(φ− φk) +Bq(kz) cos(φ− φk)]eφ + ez

(4)
where

Aq(kz) = kρq
kz(ε′k2ρq + k2z − a) + e(bkz + c)

Dq(kz)
(5a)

Bq(kz) = kρq
e(k2z − a)− (bkz + c)kz

Dq(kz)
(5b)

Dq(kz) = (k2z − a)(ε′k2ρq + k2z − a) + (bkz + c)2 (5c)

The magnetic field is then written as

H(r) =
2∑
q=1

∞∫
−∞

dkz

2π∫
φk=0

dφk e
−i[kzz+kρqρ cos(φ−φk)]

Hq(kz, φk)Hqz(kz, φk)

(6a)

where Hqz(kz, φk) is the amplitude of the spectral longitudinal com-
ponent of magnetic field. Applying the angular spectral expansion [21]
to Hqz(kz, φk)

Hqz(kz, φk) =
∞∑

n=−∞
hqn(kz)e−inφk (6b)

and after some mathematical manipulation, we obtain (see Appendix
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A for detail)

H(r) =π
2∑
q=1

∞∫
−∞

dkz

∞∑
n=−∞

(−i)nhqn(kz)[Ahq (kz)M
(1)
n (kz, kρq)

+Bhq (kz)N
(1)
n (kz, kρq) + Chq (kz)L

(1)
n (kz, kρq)]

(7)

where the cylindrical vector wave functions are defined as

M
(j)
n (kz, kρq) = ∇× [Ψ(j)

n (kz, kρq)ez] (8a)

N
(j)
n (kz, kρq) =

1
kq
∇×M (j)

n (kz, kρq) (8b)

L
(j)
n (kz, kρq) = ∇[Ψ(j)

n (kz, kρq)] (8c)

with
Ψ(j)
n (kz, kρq) = Z(j)

n (kρqρ) exp[−i(kzz + nφ)]

and
kq = (k2ρq + k2z)

1/2.

Here, Z(j)
n = Jn(·), Yn(·), H(1)

n (·), and H(2)
n (·), for j = 1, 2, 3, and

4, respectively. The expansion coefficients of the vector wave functions
are found to be

Ahq (kz) = −2iBq(kz)
kρq

(9a)

Bhq (kz) = −2kqAq(kz)
(kρqkz)

+
2[1 + kρqAq(kz)/kz]

kq
(9b)

Chq (kz) =
2ikz[1 + kρqAq(kz)/kz]

k2q
(9c)

The electric field can be easily obtained from the Maxell’s equations,
and straightforward algebraic manipulation leads to

E(r) =π
2∑
q=1

∞∫
−∞

dkz

∞∑
n=−∞

(−i)nhqn(kz)[Aeq(kz)M
(1)
n (kz, kρq)

+Beq(kz)N
(1)
n (kz, kρq) + Ceq (kz)L

(1)
n (kz, kρq)]

(10)
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where the weighted coefficients of the vector wave functions are deter-
mined as

Aeq(kz) =
ikqB

h
q (kz)
ωεt

+
ik0αA

h
q (kz)
ωεt

(11a)

Beq(kz) =−
iAhq (kz)
ωkq

(
k2z
εt

+
k2ρq
εz

)
+
ik0B

h
q (kz)
ωk2q

(
k2zα

εt
−
k2ρqγ

εz

)

−
k0kzC

h
q (kz)
ωkq

(
α

εt
− γ
εz

)
(11b)

Ceq (kz) =−
kzA

h
q (kz)
ωεt

+
ikzB

e
q(kz)
kq

+
ik0α

ωεt

[
Chq (kz)−

ikz
kq
Bhq (kz)

]
(11c)

Since Bessel, Neuman, and Hankel functions of the same order satisfy
the identical differential equation, the first kind of vector wave func-
tions in equations (7) and (10) can be generalized to the three other
sets, corresponding to Neuman and Hankel functions.

The resulting equations (7) and (10) indicate that solutions of the
source-free Maxwell equations in gyromagnetic uniaxial chiral medium,
which can be represented in terms of the cylindrical vector wave func-
tions, are superposition of two transverse waves (TE for M and TM
for N ) and a longitudinal wave.

To make the efficient recursive algorithm developed by Chew [22]
available to layered structures and multiple scatterers consisting of
gyromagnetic uniaxial chiral media, the addition theorem of the cylin-
drical vector wave functions for gyromagnetic uniaxial chiral medium
can be directly obtained by substituting the counterpart for isotropic
medium [22] in (7) and (10).

3. APPLICATIONS AND CONVERGENCE PROPERTIES
OF THE CYLINDRICAL VECTOR WAVE FUNCTIONS

To illustrate how to use the present cylindrical vector wave functions
in a practical way and to examine the convergence properties of the in-
finite series involved, an extended mode-matching method is proposed
to study the electromagnetic scattering of a cylinder with arbitrary
cross section and a conducting circular cylinder with an inhomogeneous
coating thickness. To check the convergence of the present cylindrical
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vector wave functions for multiple-body problem, electromagnetic scat-
tering by two circular cylinders of gyromagnetic uniaxial chiral media
is also investigated.

3.1 An Infinitely Long cylinder with Arbitrary Cross Section

In this subsection, we will try to develop an extended mode-match-
ing method to study the electromagnetic scattering of a cylinder with
arbitrary cross section. For this purpose, we first choose the coordinate
system so that the incident wave is along +x axis. The cylinder is
bounded by the surface ρ = f(φ), where f ′(φ) is a single value and
continuous function of φ.

Since an arbitrary polarized electromagnetic wave in free space can
be decomposed into TMz and TEz polarized waves which are in-
dependent and dual with each other, we will only consider the TMz

incident case without losing any generality. The incident TMz wave
of unit amplitude of electric field is expanded in terms of the circular
cylindrical vector wave functions

E
inc(r) = eze−ik0x =

∫ ∞
−∞
dkz

∞∑
n=−∞

(−i)nδ(kz)N (1)
n (kz, kρ)/k0 (12a)

H
inc(r) = − ieye

−ik0x

η0

=
∫ ∞
−∞
dkz

∞∑
n=−∞

(−i)n−1δ(kz)M
(1)
n (kz, kρ)/(k0η0) (12b)

where kρ = (k20 − k2z)1/2, and δ(·) is the Dirac delta function . Here,
k0 = ω(ε0µ0)1/2 and η0 = (µ0/ε0)1/2 represent the wave number
and wave impedance of free space, respectively. The scattered electro-
magnetic waves may have TMz and TEz components and should be
expanded as

E
sca(r) =

∫ ∞
−∞
dkz

∞∑
n=−∞

(−i)n[anM (4)
n (kz, kρ) + bnN

(4)
n (kz, kρ)]

(13a)

H
sca(r) =

∫ ∞
−∞
dkz

∞∑
n=−∞

(−i)n−1/η0[anN
(4)
n (kz, kρ) + bnM

(4)
n (kz, kρ)]

(13b)
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In the expressions (12) and (13), the functions M (j)
n (kz, kρ) and

N
(j)
n (kz, kρ) (j = 1, 4) are the cylindrical vector wave functions as

defined in the previous section.
The electromagnetic fields excited inside the scatterer Eint(r),

H
int(r) can be represented in terms of the cylindrical vector wave

functions in the way we have presented in the previous section.
The boundary conditions to ensure the continuity of the electric and

magnetic fields at the outer surface of the scatterer ρ = f(φ) are

Eintρ sin θ + Eintφ cos θ = (Eincρ + Escaρ ) sin θ + (Eincφ + Escaφ ) cos θ
(14a)

Eintz = Eincz + Escaz (14b)
H int
ρ sin θ +H int

φ cos θ = (H inc
ρ +Hsca

ρ ) sin θ + (H inc
φ +Hsca

φ ) cos θ
(14c)

H int
z = H inc

z +Hsca
z (14d)

where all the field components are evaluated at ρ = f(φ), and

θ = tan−1

(
f ′(φ)
f(φ)

)

To numerically solve Eqs. (14a–14d), the infinite series involved must
be truncated. In what follows, the infinite summation is such trun-
cated that the series is taken to be summed up from −N to N. These
truncated equations can be easily analytically solved for the expansion
coefficients of the scattered fields. For the sake of consistency, de-
tails for the formulations of the solution procedure are organized in
Appendix B. After carefully examining the final numerical results, ex-
cellent convergent properties of these truncated series are established,
which make the truncating process reasonable.

The bistatic echo width, which represents the density of the power
scattered by the cylindrical object, is defined as

Aσ(φ) = lim
ρ→∞

2πρ
Re{[Esca(r)]× [Hsca(r)]∗} · eρ
Re{[Einc(r)]× [H inc(r)]∗} · ex

(15)

where the asterisk indicates complex conjugate, and Re[·] denotes real
part of the complex function.
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Recalling the asymptotic expression of the Hankel function in the
far region

H(2)
n (k0ρ) =

√
2
πk0ρ

e−i[k0ρ−(2n+1)π/4] ρ→∞ (16)

we can rewrite the expression (15) in a more explicit form

Aσ(φ) = 4k0




∣∣∣∣∣
∞∑

n=−∞
ane
−inφ

∣∣∣∣∣
2

+

∣∣∣∣∣
∞∑

n=−∞
bne
−inφ

∣∣∣∣∣
2

 (17)

To validate this extended mode-matching process, numerical results of
the present method for the scattering by a circular cylinder (ρ = a)
and a deviated circular cylinder (ρ = b cosφ +

√
b2 cos2 φ+ a2 − b2,

b < a) have been computed and compared with that of a circular
cylinder calculated by the conventional mode-matching method, re-
spectively. Excellent agreement between the results is obtained. For
completeness and comparison purposes, formulations of the conven-
tional mode-matching method for scattering by a circular cylinder are
presented in Appendix C.

Previous to the actual computation for the scattering by a gyro-
magnetic uniaxial chiral cylinder with noncircular cross section, con-
vergence of the results involved must be examined. Table 1 presents
the numerical results of the convergence test for a gyromagnetic uniax-
ial chiral cylinder of elliptical cross section. It is seen that by properly
choosing the truncated number N of the series involved, reliable re-
sults can be obtained for all scattering angles. The convergence check
indicates that the present cylindrical vector wave functions in conjunc-
tion with the extended mode-matching method can be reliably applied
to study the two-dimensional electromagnetic phenomena of single gy-
romagnetic uniaxial chiral object. To provide criteria for other numer-
ical method, Figure 1 illustrates the bistatic echo width of an elliptical
cylinder of gyromagnetic uniaxial chiral medium.

3.2 A Conducting Circular Cylinder with an Inhomogeneous
Coating Thickness

In this subsection, we will try to use the extended mode-matching
method to study the electromagnetic scattering of a conducting cylin-
der with an arbitrary coating thickness of gyromagnetic uniaxial chiral
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Aσ/λ0 (dB) φ = 0◦ φ = 45◦ φ = 90◦

N = 3 0.12248D + 02 0.10087D + 01 -0.10200D + 02
N = 7 0.17750D + 02 0.74789D + 01 0.42195D + 01
N = 9 0.17641D + 02 0.83354D + 01 0.53105D + 01
N = 11 0.17603D + 02 0.82464D + 01 0.51759D + 01
N = 13 0.17606D + 02 0.82476D + 01 0.51678D + 01
N = 15 0.17606D + 02 0.82477D + 01 0.51675D + 01
N = 16 0.17606D + 02 0.82477D + 01 0.51675D + 01
N = 17 0.17606D + 02 0.82477D + 01 0.51675D + 01
N = 18 0.17606D + 02 0.82477D + 01 0.51675D + 01
N = 20 0.17606D + 02 0.82477D + 01 0.51675D + 01
Aσ/λ0 (dB) φ = 135◦ φ = 180◦

N = 3 -0.38507D + 00 0.32435D + 01
N = 7 0.24402D + 01 0.58899D + 01
N = 9 0.76054D + 00 0.58976D + 01
N = 11 0.14773D + 00 0.58830D + 01
N = 13 0.84954D − 01 0.58773D + 01
N = 15 0.81675D − 01 0.58773D + 01
N = 16 0.81573D − 01 0.58773D + 01
N = 17 0.81568D − 01 0.58773D + 01
N = 18 0.81566D − 01 0.58773D + 01
N = 20 0.81566D − 01 0.58773D + 01

Table 1. Convergence test of an elliptical cylinder of gyromagnetic
uniaxial chiral medium (TMz). The constitutive parameters of the
scatterer are taken to be as µt/µ0 = 1.8, µz/µ0 = 1.2, g/µ0 =
0.12, εt/ε0 = 2.5, εz/ε0 = 2.1, α = 0.3, and γ = 0.7. The geometry
parameters of the scatterer are taken to be semi major axis = 1.2λ0,
and semi minor axis = 0.9λ0. The major axial of the scatterer takes
an angle of 2π/9 with respect to the x axis.

medium. For this purpose, we also fix the coordinate system so that
the incident wave is along the +x axis, the conducting core is bounded
by ρ = a, and the outer surface is bounded by the surface ρ = f(φ),
where f ′(φ) is a single value and continuous function of φ.

Once again, the TMz incident wave with unit amplitude of electric
field is considered. The incident and scattered waves are expanded in
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Figure 1. Scattering pattern of an elliptical gyromagnetic uniaxial
chiral cylinder due to a normally incident TMz polarized plane wave.
The geometrical and constitutive parameters are taken to be as the
same as those of Table 1. The dotted line corresponds to the case
where the major axial of the scatterer is along the x axis, the dashed
line for the major axis along the y axis, and the solid line for the
major axis having an angle of 2π/9 with respect to the x axis.

terms of the cylindrical vector wave functions, as Eqs. (12) and (13).
According to the cylindrical wave functions in gyromagnetic uniaxial
chiral material developed in Section 2, the fields in the coating region
can be represented as

E
int=

2∑
q=1

∞∑
n=−∞

(−i)n
{
h(1)
qn [AeqM

(1)
n (kρq) +BeqN

(1)
n (kρq) + CeqL

(1)
n (kρq)]

+h(4)
qn [AeqM

(4)
n (kρq) +BeqN

(4)
n (kρq) + CeqL

(4)
n (kρq)]

}
(18a)

H
int=

2∑
q=1

∞∑
n=−∞

(−i)n
{
h(1)
qn [AhqM

(1)
n (kρq) +BhqN

(1)
n (kρq) + Chq L

(1)
n (kρq)]

+h(4)
qn [AhqM

(4)
n (kρq) +BhqN

(4)
n (kρq) + Chq L

(4)
n (kρq)]

}
(18b)
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where h(1)
qn and h(4)

qn (q = 1, 2) are expansion coefficients. Here,
kz = 0 for the cylindrical vector wave functions and their weighted
coefficients have been suppressed for the sake of writing simplicity.

The boundary conditions at the boundary ρ = a are

Eintz |ρ=a = 0 (19a)
Eintφ |ρ=a = 0 (19b)

And the boundary conditions at outer surface of the scatterer ρ = f(φ)
are

Eintρ sin θ + Eintφ cos θ = (Eincρ + Escaρ ) sin θ + (Eincφ + Escaφ ) cos θ
(20a)

Eintz = Eincz + Escaz
(20b)

H int
ρ sin θ +H int

φ cos θ = (H inc
ρ +Hsca

ρ ) sin θ + (H inc
φ +Hsca

φ ) cos θ
(20c)

H int
z = H inc

z +Hsca
z (20d)

where all the field components are evaluated at ρ = f(φ), and

θ = tan−1

(
f ′(φ)
f(φ)

)

To numerically solve Eqs. (19) and (20), the infinite series involved
must be truncated. These truncated equations can be easily solved
for the expansion coefficients of the scattered fields. For the sake of
consistency, details for the formulations of the solution procedure are
organized in Appendix D.

To validate this extended mode-matching process, numerical results
of the present method for the solution of a conducting circular cylinder
with a coaxial coating are computed and compared with those calcu-
lated by the conventional mode-matching method. Excellent agree-
ment between the results is obtained.

Similar to Subsection 3.1, convergence test of the results involved
should be carefully examined for the scattering of a conducting circu-
lar cylinder with an inhomogeneous coating thickness of gyromagnetic
uniaxial chiral medium. Table 2 presents the numerical results for



Vector wave functions and applications 315

Aσ/λ0 (dB) φ = 0◦ φ = 45◦ φ = 90◦

N = 3 0.99952D + 01 -0.19771D + 01 0.28603D + 01
N = 7 0.17444D + 02 0.13912D + 01 0.15692D + 02
N = 9 0.18661D + 02 0.17019D + 02 0.17470D + 02
N = 11 0.18698D + 02 0.17418D + 02 0.16877D + 02
N = 13 0.18646D + 02 0.17482D + 02 0.16867D + 02
N = 15 0.18648D + 02 0.17473D + 02 0.16856D + 02
N = 16 0.18648D + 02 0.17473D + 02 0.16856D + 02
N = 17 0.18648D + 02 0.17473D + 02 0.16856D + 02
N = 18 0.18648D + 02 0.17473D + 02 0.16856D + 02
N = 20 0.18648D + 02 0.17473D + 02 0.16856D + 02
Aσ/λ0 (dB) φ = 135◦ φ = 180◦

N = 3 0.38507D + 01 0.80001D + 01
N = 7 0.69330D + 01 0.14340D + 02
N = 9 0.81463D + 01 0.16822D + 02
N = 11 0.80086D + 01 0.16061D + 02
N = 13 0.80362D + 01 0.15947D + 02
N = 15 0.80479D + 01 0.15938D + 02
N = 16 0.80480D + 01 0.15938D + 02
N = 17 0.80487D + 01 0.15939D + 02
N = 18 0.80488D + 01 0.15939D + 02
N = 20 0.80488D + 01 0.15939D + 02

Table 2. Convergence test of a conducting cylinder with a coating
of elliptical cross section (TMz). The constitutive parameters of the
coating are taken to be the same as those of Table 1. The elliptical-
shaped coating has a semi major axis of 1.4λ0, and semi minor axis
1.1λ0, the radius of the conducting cone is 0.8λ0. The major axial of
the cross section of the coating takes an angle of 2π/9 with respect to
the x axis.

the convergence test for a conducting circular cylinder with a gyro-
magnetic uniaxial chiral coating of elliptical cross section. It is seen
that for proper truncated number N, reliable results can be obtained
for all scattering angles. The convergence check indicates that the
present cylindrical vector wave functions in association with the ex-
tended mode-matching method can be reliably utilized to investigate
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Figure 2. Scattering pattern of a conducting circular cylinder with
a coating of elliptical cross section, due to a normally incident TMz

polarized plane wave. The geometrical and constitutive parameters are
taken to be the same as those of Table 2. The dotted line corresponds
to the case where the major axis of the coating is along the x axis, the
dashed line for the major axis along the y axis, and the solid line for
the major axis having an angle of 2π/9 with respect to the x axis.

the two-dimensional boundary-value problem of multilayered gyromag-
netic uniaxial chiral objects. To provide criteria for other numerical
method, Figure 2 illustrates the bistatic echo width of a conducting cir-
cular cylinder with a gyromagnetic uniaxial chiral coating of elliptical
cross section.

3.3 Two Circular Cylinders

To illustrate the applicability of the present cylindrical vector wave
functions for multiple scattering problems, we now try to use the ad-
dition theorem to study the electromagnetic scattering of two circular
cylinders consisting of gyromagnetic uniaxial chiral media.

The geometrical configuration of the cross section and symbols used
here are illustrated in Figure 3, where the constitutive relations for
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Figure 3. Geometry configuration of the structure of two circular
cylinders.

cylinder j (j = 1, 2) are

D = εj · E − ξj ·H (21a)

B = µj ·H + ξj · E (21b)

The normally incident plane wave of unit amplitude of electric field
with an incident angle ϕinc with respect to the +x axis can be ex-
panded in terms of the cylindrical vector wave functions:

E
inc(r) =

∞∑
n=−∞

(−i)n[aincn M
(1)
n (k0, r) + bincn N

(1)
n (k0, r)] (22a)

H
inc(r) =

k0
iωµ0

∞∑
n=−∞

(−i)n[aincn N
(1)
n (k0, r) + bincn M

(1)
n (k0, r)]

(22b)

where kz = 0 in the vector wave functions has been suppressed,
and the coordinate system in which the vector wave functions are
used has been indicated by the position vector in the vector wave
functions. For the TMz polarized incident plane wave, aincn = 0,
and bincn = e−inϕ

inc
/k0. For the TEz polarized incident plane wave,

aincn = e−inϕ
inc
/k0, and bincn = 0.
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The electromagnetic fields inside the scatterers can be separately
expanded in terms of the cylindrical vector wave functions in the local
coordinate systems:

E
int
j (rj) =

2∑
q=1

∞∑
n=−∞

(−i)n
{
h(j)
qn [Ae(j)q M

(1)
n (k(j)ρq , rj)

+Be(j)q N
(1)
n (k(j)ρq , rj) + Ce(j)q L

(1)
n (k(j)ρq , rj)]

}
(23a)

H
int
j (rj) =

2∑
q=1

∞∑
n=−∞

(−i)n
{
h(j)
qn [Ah(j)q M

(1)
n (k(j)ρq , rj)

+Bh(j)q N
(1)
n (k(j)ρq , rj) + Ch(j)q L

(1)
n (k(j)ρq , rj)]

}
(23b)

for j = 1, 2. Here, kz = 0 in the weighted coefficients of the vector
wave functions has been suppressed.

The scattered fields are the superposition of those scattered from
each cylinder

E
sca =

2∑
j=1

E
sca
j , H

sca =
2∑
j=1

H
sca
j (24)

where Escaj and Hsca
j can be represented in the Oj coordinate system

as:

E
sca
j (rj) =

∞∑
n=−∞

(−i)n[a(j)n M
(4)
n (k0, rj) + b(j)n N

(4)
n (k0, rj)] (25a)

H
sca
j (rj) =

k0
iωµ0

∞∑
n=−∞

(−i)n[a(j)n N
(4)
n (k0, rj) + b(j)n M

(4)
n (k0, rj)]

(25b)

Based on the addition theorem for the Bessel and Hankel functions [4,
22], the transformation of the cylindrical vector wave functions from
the Oq coordinate to Op coordinate are obtained:

Q
(1)
n (k, rq) =

∞∑
m=−∞

Q
(1)
m (k, rp)Jm−n(kdpq)ei(m−n)ϕpq (26a)
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Q
(4)
n (k, rq) =

∞∑
m=−∞

Q
(1)
m (k, rp)H

(2)
m−n(kdpq)e

i(m−n)ϕpq (26b)

where Q = M, or N , (dpq, ϕpq) is the position of Oq in the Op
coordinate system.

Using the addition theorem of the cylindrical vector wave functions
and applying the boundary conditions at each surface of the scatterer
to ensure the tangential components of electric and magnetic fields are
continuous, a set of coupled linear equations involving the scattering
coefficients are obtained. For the sake of consistency, details for the
formulations of the solution procedure are organized in Appendix E.

The bistatic echo width of the scattering structure can be obtained
by using the asymptotic expansion of Hankel function Eq. (16) and
ρ1,2 ≈ ρ± d cosφ for ρ→∞, which result in

Aσ =4k0

∣∣∣∣∣
∞∑

n=−∞
e−inφ(e−ik0d cosφb(1)

n + eik0d cosφb(2)n )

∣∣∣∣∣
2

+ 4k0

∣∣∣∣∣
∞∑

n=−∞
e−inφ(e−ik0d cosφa(1)n + eik0d cosφa(2)n )

∣∣∣∣∣
2

(27)

For a TMz polarized incident plane wave, the first term in the right-
hand of (27) represents the copolarized echo width, while the second
the crosspolarized one. For a TEz polarized incident plane wave, the
first and second terms in (27) stand for the cross- and copolarized echo
width, respectively.

Again, it is important to examine the convergence properties of
the final results for the series involved in the scattering by two circu-
lar cylinders of gyromagnetic uniaxial chiral media. Tables 3 and 4
present the numerical results for the convergence test of this scattering
structure. It is seen that for proper truncated number N, reliable re-
sults can be obtained for all scattering angles. The convergence check
indicates that the present cylindrical vector wave functions can be
reliably applied to study the two-dimensional multiple-body problem
of gyromagnetic uniaxial chiral media. To provide criteria for future
references, Figures 4 and 5 illustrate the bistatic echo width of two
circular cylinders of gyromagnetic uniaxial chiral media for TMz and
TEz polarized incident wave, respectively.
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Aσ/λ0 (dB) φ = 0◦ φ = 45◦ φ = 90◦

N = 3 0.21751D + 02 0.15329D + 02 0.35310D + 01
N = 4 0.21150D + 02 0.15588D + 02 0.70552D + 01
N = 5 0.20822D + 02 0.16497D + 02 0.75536D + 01
N = 6 0.20665D + 02 0.16412D + 02 0.70251D + 01
N = 7 0.20665D + 02 0.16418D + 02 0.70255D + 01
N = 8 0.20665D + 02 0.16419D + 02 0.70289D + 01
N = 9 0.20665D + 02 0.16419D + 02 0.70294D + 01
N = 10 0.20665D + 02 0.16419D + 02 0.70294D + 01
Aσ/λ0 (dB) φ = 135◦ φ = 180◦

N = 3 0.21553D + 02 0.12551D + 02
N = 4 0.22033D + 02 0.10885D + 02
N = 5 0.21974D + 02 0.11983D + 02
N = 6 0.22115D + 02 0.12469D + 02
N = 7 0.22112D + 02 0.12449D + 02
N = 8 0.22112D + 02 0.12449D + 02
N = 9 0.22112D + 02 0.12449D + 02
N = 10 0.22112D + 02 0.12449D + 02

Table 3. Convergence test of two circular cylinders due to a TMz

polarized incident plane wave. The constitutive parameters of the
media are taken to be as µ(1)

t /µ0 = 1.3, µ(1)
z /µ0 = 1.4, g(1)/µ0 =

0.08, ε(1)
t /ε0 = 2.7, ε(1)z /ε0 = 2.5, α(1) = 0.3, and γ(1) = 0.4; and

µ
(2)
t /µ0 = 1.8, µ(2)

z /µ0 = 1.2, g(2)/µ0 = 0.12, ε(2)t /ε0 = 2.5, ε(2)z /ε0 =
2.1, α(2) = 0.3, and γ(2) = 0.7. The geometry parameters of the scat-
terer are taken to be a1 = 0.4λ0, a2 = 0.7λ0, and d = 1.3λ0. The
incident angle is 37◦.

4. CONCLUDING REMARKS

In the present investigation, cylindrical vector wave functions are de-
veloped to represent the electromagnetic field in the source-free gyro-
magnetic uniaxial chiral medium. The formulation is greatly facilitated
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Aσ/λ0 (dB) φ = 0◦ φ = 45◦ φ = 90◦

N = 3 0.23706D + 02 0.25522D + 02 0.23574D + 02
N = 4 0.20046D + 02 0.30209D + 02 0.29419D + 02
N = 5 0.19512D + 02 0.30377D + 02 0.29146D + 02
N = 6 0.19646D + 02 0.30228D + 02 0.29521D + 02
N = 7 0.19648D + 02 0.30224D + 02 0.29525D + 02
N = 8 0.19649D + 02 0.30223D + 02 0.29526D + 02
N = 9 0.19649D + 02 0.30223D + 02 0.29526D + 02
N = 10 0.19649D + 02 0.30223D + 02 0.29526D + 02
Aσ/λ0 (dB) φ = 135◦ φ = 180◦

N = 3 0.22589D + 02 0.25168D + 02
N = 4 0.24400D + 02 0.13815D + 02
N = 5 0.24120D + 02 0.15274D + 02
N = 6 0.24143D + 02 0.15804D + 02
N = 7 0.24140D + 02 0.15799D + 02
N = 8 0.24140D + 02 0.15799D + 02
N = 9 0.24140D + 02 0.15799D + 02
N = 10 0.24140D + 02 0.15799D + 02

Table 4. Convergence test of two circular cylinders due to a TEz
polarized incident plane wave. The geometrical and constitutive pa-
rameters of the coating are taken to be the same as those of Table 3.
The incident angle is 53◦.

by using the concept of characteristic waves and the method of angular
spectral expansion [21]. The formulation developed here generalizes the
canonical solutions of vector wave functions for isotropic media, and re-
covers the case of the transversely chiral uniaxial bianisotropic medium
[16], the uniaxial chiral medium [17], and the chiroferrite medium [18].
For applications of the cylindrical vector wave functions, an extended
mode-matching method is proposed to study the two-dimensional elec-
tromagnetic scattering of a gyromagnetic uniaxial chiral cylinder with
arbitrary cross section and a conducting circular cylinder with an inho-
mogeneous coating thickness of gyromagnetic uniaxial chiral medium.
To check the convergence of the present cylindrical vector wave func-
tions for nontrivial problems (such as the multiple-body problems),
electromagnetic scattering by two circular cylinders of gyromagnetic
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Figure 4. Scattering pattern of two circular cylinders, due to a nor-
mally incident TMz polarized plane wave. The geometrical and con-
stitutive parameters of the cylinders are taken to be the same as those
of Table 3. The dotted line corresponds to the case of ϕinc = 0◦, the
dashed line for ϕinc = 90◦, and the solid line for ϕinc = 37◦.

Figure 5. Scattering pattern of two circular cylinders, due to a nor-
mally incident TEz polarized plane wave. The geometrical and con-
stitutive parameters of the scatterers are taken to be the same as those
of Table 3. The dotted line corresponds to the case of ϕinc = 0◦, the
dashed line for ϕinc = 90◦, and the solid line for ϕinc = 53◦.
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uniaxial chiral media is also investigated. Excellent convergence prop-
erties of the cylindrical vector wave functions in these application ex-
amples are numerically verified, which establishes the reliability and
applicability of the present theory. It should be pointed out that the
extended mode-matching method presented here, although does not re-
quire the eigenfunction expansion of Green dyadic, is only applicable to
small aspect-ratio scatterers as the conventional T-matrix method. For
scatterers of large aspect ratio scatterer, the challenge of convergence
and time-consuming must be taken into account. However, this method
is obviously superior to the conventional mode-matching method [8, 22]
which can only be applicable to circular cylindrical structure, pertur-
bation method [9] which is only suitable to near-circular cylindrical
structure, T-matrix method [10] and multipole technique [12] both of
which require the knowledge of source-incorporated solution, and may
be regarded as the modified form of point-matching method [11] due to
the same condition under which they can be utilized and the same chal-
lenge they will face up with for complex structure. Using the addition
theorem of the cylindrical vector wave functions and the formulations
for single scatterer, a homogenization theory [23] for the gyromag-
netic uniaxial chiral composite media may be established, where the
pair distributed function [24] can result from experiment, theoretical
investigation, or numerical results. It is of interest to note that the
cylindrical vector wave functions can be expanded as discrete sums of
the spherical vector wave functions [25], therefore the present strategy
could be extended to solve the problems of three-dimensional finite-
domain structures. Noting the fact that the cylindrical functions can
be expanded in terms of the plane wave functions [26], the present
vector wave functions may also be applied to tackle the electromag-
netic boundary-value problems involving the planar and curved sur-
faces of the gyromagnetic uniaxial chiral medium. Although excellent
convergence and efficiency of the present cylindrical vector wave func-
tions in tackling the two-dimensional physical phenomena have been
demonstrated by extensive numerical computation, one should care-
fully examine the convergence and efficiency of the theory in actual
computation when using the spherical or planar vector wave functions
for three-dimensional finite-domain or planar-curved-surface electro-
magnetic phenomena associated with the gyromagnetic uniaxial chiral
medium. Nevertheless, it is believed that the present cylindrical vec-
tor wave functions and the generalized mode-matching method would
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be helpful in analyzing and exploiting the physical phenomena associ-
ated with the boundary-value problems of layered structures as well as
multi-scatterers consisting of gyromagnetic uniaxial chiral media.

APPENDIX A: DETAIL OF THE VECTOR WAVE
FUNCTIONS

Substituting the expressions (4) and (6b) in (6a), we have the mag-
netic field expanded in terms of the eigenvectors in a circular cylindrical
coordinate system

H(r) =
2∑
q=1

∫ ∞
−∞
dkz

∞∑
n=−∞

hqn(kz)
∫ 2π

φk=0
dφke

−i[kzz+kρqρ cos(φ−φk)+nφk]

· {[Aq(kz) cos(φ− φk) +Bq(kz) sin(φ− φk)]eρ
+[−Aq(kz) sin(φ− φk) +Bq(kz) cos(φ− φk)]eφ + ez}

(A1)
Noting the well-known identity [2,3]

e−ikρqρ cos(φ−φk) =
∞∑

m=−∞
(−i)mJm(kρqρ)e−im(φ−φk) (A2)

and taking the derivatives of (A2) with respect to ρ and φ, respec-
tively, we have

cos(φ− φk)e−ikρqρ cos(φ−φk) =
∞∑

m=−∞
(−i)m−1∂Jm(kρqρ)

kρq∂ρ
e−im(φ−φk)

(A3)
and

sin(φ− φk)e−ikρqρ cos(φ−φk) = −
∞∑

m=−∞
(−i)mmJm(kρqρ)

kρqρ
e−im(φ−φk)

(A4)
Inserting Eqs. (A2–A4) into equation (A1), we obtain

H(r) =
2∑
q=1

∫ ∞
−∞
dkz

∞∑
n=−∞

hqn(kz)[Pn(kz)eρ +Qn(kz)eφ +Rn(kz)ez]

(A5)
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where

Pn(kz) =
∫ 2π

φk=0
dφk

∞∑
m=−∞

[
(−i)m−1∂Jm(kρqρ)

kρq∂ρ
Aq(kz)

−(−i)mmJm(kρqρ)
kρqρ

Bq(kz)
]
e−i(kzz+mφ)+i(m−n)φk

=2π(−i)n
[
i∂Jn(kρqρ)Aq(kz)

kρq∂ρ
− nJn(kρqρ)Bq(kz)

kρqρ

]
e−i(kzz+nφ)

(A6)

Qn(kz) =
∫ 2π

φk=0
dφk

∞∑
m=−∞

[
(−i)m−1∂Jm(kρqρ)

kρq∂ρ
Bq(kz)

+(−i)mmJm(kρqρ)
kρqρ

Aq(kz)
]
e−i(kzz+mφ)+i(m−n)φk

=2π(−i)n
[
i∂Jn(kρqρ)Bq(kz)

kρq∂ρ
− nJn(kρqρ)Aq(kz)

kρqρ

]
e−i(kzz+nφ)

(A7)
and

Rn(kz) =
∫ 2π

φk=0
dφk

∞∑
m=−∞

[(−i)mJm(kρqρ)]e−i(kzz+mφ)+i(m−n)φk

= 2π(−i)nJn(kρqρ)e−i(kzz+nφ)

(A8)
By introducing the cylindrical vector wave functions (8a) – (8c) and
recalling the complete property of this set of functions [2,4,22], it is
reasonable to assume the magnetic field in gyromagnetic uniaxial chiral
medium can be represented in the form of (7). Then, comparing the
coordinate components of (7) with those of (A5) where Pn(kz), Qn(kz)
and Rn(kz) are determined by (A6)–(A8), we derive a set of equations

Ahq (kz) = − 2i
kρq
Bq(kz) (A9)

kz
kq
Bhq (kz) + iChq (kz) = − 2

kρq
Aq(kz) (A10)

and
k2ρq
kq
Bhq (kz)− ikzChq (kz) = 2 (A11)
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The solutions to this set of linear equations (A9)–(A11) result in the
expressions of (9a) – (9c).

APPENDIX B: DETAILED PROCEDURE FOR THE
SOLUTIONS OF EQS. (14a–14d)

For simplicity, we introduce

V pqn(ρ) = − in
ρ
Jn(kρqρ)Cpq (kz = 0)− kρqJ ′n(kρqρ)Apq(kz = 0) (B1)

Xp
qn(ρ) = kρqJn(kρqρ)Bpq (kz = 0) (B2)

Y pqn(ρ) = − in
ρ
Jn(kρqρ)Apq(kz = 0) + kρqJ ′n(kρqρ)C

p
q (kz = 0) (B3)

where ρ = f(φ), q = 1, 2 and p = e, h.
Multiplying both sides of Eqs. (14a–14d) with eimφ(m = −N,−N+

1, . . . , N − 1, N) and integrating with respect of φ from 0 to 2π, we
end up with

2∑
q=1

[Iqe][hq] = [I(2)][a] (B4)

2∑
q=1

[Aqh][hq] = − k0
iωµ0

[I(5)][a] (B5)

2∑
q=1

[Iqh][hq] +
k0
iωµ0

[I(2)][b] = [P ][I] (B6)

2∑
q=1

[Aqe][hq]− [I(5)][b] = [Q][I] (B7)

where [a] and [b] are column vectors of the expansion coefficients of
the scattered waves, respectively, and

(Iqp)mn =
∫ 2π

φ=0
(−i)n′e−i(n′−m′)φ[Y pqn′(ρ) sin θ + V pqn′(ρ) cos θ]dφ

(B8)

(I(2))mn =
∫ 2π

φ=0
(−i)n′e−i(n′−m′)φ


 −

in′

ρ
H

(2)
n′ (k0ρ) sin θ

− k0H(2)′

n′ (k0ρ) cos θ


 dφ

(B9)
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(P )nm =
1
iωµ0

∫ 2π

φ=0
(−i)n′e−i(n′−m′)φ



in

ρ
Jn′(k0ρ) sin θ

+ k0J ′n′(k0ρ) cos θ


 dφ
(B10)

(Q)nm =
∫ 2π

θ=0
(−i)n′e−i(n′−m′)φJn′(k0ρ)dφ (B11)

(Aqp)mn =
∫ 2π

φ=0
(−i)n′e−i(n′−m′)φXp

qn′(ρ)dφ (B12)

(I(5))mn =
∫ 2π

φ=0
(−i)n′e−i(n′−m′)φk0H(2)

n′ (k0ρ)dφ (B13)

for q = 1 or 2 , p = e or h, m, n ∈ [1, 2N+1] and m′ = m−(N+1),
n′ = n−(N+1). Here, [I] is the (2N+1) dimension unit vector, and
the primes over the Bessel and Hankel functions denote the derivatives
with respect to the arguments.

Straightforward algebraic manipulation for (B4)–(B7), we obtain

[a] =
[
iωµ0

k0
[I(2)]−1[D(1)] + [I(5)]−1[D(2)]

]−1

·
[
iωµ0

k0
[I(2)]−1[P ] + [I(5)]−1[Q]

]
· [I] (B14)

[b] =
[
k0
iωµ0

[D(1)]−1[I(2)] + [D(2)]−1[I(5)]
]−1

·
[
[D(1)]−1[P ]− [D(2)]−1[Q]

]
· [I] (B15)

where

[D(1)] = [I1h][C(2)] + [I2h][C(1)] (B16)

[D(2)] = [A1e][C(2)] + [A2h][C(1)] (B17)

and

[C(1)] =
[
[I1e]−1[I2e]− [A1h]−1[A2h]

]−1

·
[
[I1e]−1[I(2)] +

k0
iωµ0

[A1h]−1[I(5)]
]

(B18)
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[C(2)] =
[
[I2e]−1[I1e]− [A2h]−1[A1h]

]−1

·
[
[I2e]−1[I(2)] +

k0
iωµ0

[A2h]−1[I(5)]
]

(B19)

After numerically evaluating the matrices involved, eqautions (B14)
and (B15) would result in the expansion coefficients of the scattered
fields.

APPENDIX C: ELECTROMAGNETIC SCATTERING BY
A GYROMAGNETIC UNIAXIAL CHIRAL CIRCULAR
CYLINDER

Here, we will present the explicit expressions of expansion coefficients
of the scattered field for the scattering of a gyromagnetic uniaxial chiral
circular cylinder of radius ρ0. In the case of a TMz polarized incident
plane wave illuminating along the +x axis, the incident electromag-
netic fields can be expanded in terms of the circular cylindrical vector
wave functions, as presented in Eqs. (12a) and (12b). The electromag-
netic fields excited inside the scatterer can be represented in terms of
the cylindrical vector wave functions in the way we have presented in
Sec. 2. And the scattered electromagnetic waves may have TMz and
TEz components and should be expanded as Eqs. (13a) and (13b).

Applying the widely-employed mode matching method [8,22] to have
the boundary conditions of continuous tangential electric and magnetic
fields satisfied at the outer surface of the scatterer ρ = ρ0, the expan-
sion coefficients of the scattered fields are derived as

an = − 2
πη0ρ0∆n(ρ0)

δ(kz)
[
V e1n(ρ0)X

h
2n(ρ0)− V e2n(ρ0)Xh

1n(ρ0)
]

(C1)

and

bn =
1

∆n(ρ0)
δ(kz)

[
Jn(k0ρ0)Cnρ0) +

i

η0
J ′n(k0ρ0)Dn(ρ0)

]
(C2)

where

V pqn(ρ0) = Apq(kz)kρqJ
′
n(kρqρ0) +

in

ρ0
Cpq (kz)Jn(kρqρ0) (C3)

Xp
qn(ρ0) = Bpq (kz)kρqJn(kρqρ0) (C4)



Vector wave functions and applications 329

for q = 1, 2 and p = e, h. In Eqs. (C1) and (C2),

Cn(ρ0) =− k0H(2)′
n (k0ρ0)[V h1n(ρ0)X

h
2n(ρ0)− V h2n(ρ0)Xh

1n(ρ0)]

− iωε0H(2)
n (k0ρ0)[V e1n(ρ0)V

h
2n(ρ0)− V e2n(ρ0)V h1n(ρ0)] (C5)

∆n(ρ0) =− k0H(2)
n (k0ρ0)Cn(ρ0)− iωε0H(2)′

n (k0ρ0)Dn(ρ0) (C6)

Dn(ρ0) =k0H(2)′
n (k0ρ0)[Xe

1n(ρ0)X
h
2n(ρ0)−Xe

2n(ρ0)X
h
1n(ρ0)]

+ iωε0H(2)
n (k0ρ0)[V e1n(ρ0)X

e
2n(ρ0)− V e2n(ρ0)Xe

1n(ρ0)] (C7)

Due to the emergence of Dirac delta function δ(kz) in (C1) and (C2),
the infinite integration of the kz variable for the scattered fields has
actually disappeared. using the asymptotic expression of the Hankel
function in the far region Eq. (22), the bistatic echo width of this
structure Eq. (21) can be rewritten in a more explicit form

Aσ(φ) = 4k0




∣∣∣∣∣
∞∑
n=0

(−1)nδnan cos(nφ)

∣∣∣∣∣
2

+

∣∣∣∣∣
∞∑
n=0

(−1)nδnbn cos(nφ)

∣∣∣∣∣
2



(C8)
where δn is the Neumann factor, i.e., δn = 1 for n = 0 and 2 for
n > 0.

APPENDIX D: SOLUTIONS FOR SCATTERING COEF-
FICIENTS OF A CONDUCTING CIRCULAR CYLINDER
WITH AN INHOMOGENEOUS COATING THICKNESS
OF GYROMAGNETIC UNIAXIAL CHIRAL MEDIUM

For simplicity, we introduce

V p(j)qn (ρ) = − in
ρ
Z(j)
n (kρqρ)Cpq (kz = 0)− kρqZ(j)′

n (kρqρ)Apq(kz = 0)

(D1)

Xp(j)
qn (ρ) = kρqZ(j)

n (kρqρ)Bpq (kz = 0) (D2)

Y p(j)qn (ρ) = − in
ρ
Z(j)
n (kρqρ)Apq(kz = 0) + kρqZ(j)′

n (kρqρ)Cpq (kz = 0)

(D3)

where ρ = f(φ) or ρ = a, q = 1 or 2, p = e or h, and Z(j)
n (·) =

Jn(·) or Z(j)
n (·) = H(2)

n (·) for j = 1, 4, respectively.
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From the boundary conditions Eqs. (19a) and (19b) at ρ = a, we
have

[h(4)
1 ] = [A11][h(1)

1 ] + [A12][h(1)
2 ] (D4)

[h(4)
2 ] = [A21][h(1)

1 ] + [A22][h(1)
2 ] (D5)

where

[A11] =
[
[X2(4)]−1[X1(4)]− [V 2(4)]−1[V 1(4)]

]−1

·
[
[V 2(4)]−1[V 1(1)]− [X2(4)]−1[X1(1)]

]
(D6)

[A12] =
[
[X2(4)]−1[X1(4)]− [V 2(4)]−1[V 1(4)]

]−1

·
[
[V 2(4)]−1[V 2(1)]− [X2(4)]−1[X2(1)]

]
(D7)

[A21] =
[
[X1(4)]−1[X2(4)]− [V 1(4)]−1[V 2(4)]

]−1

·
[
[V 1(4)]−1[V 1(1)]− [X1(4)]−1[X1(1)]

]
(D8)

[A22] =
[
[X1(4)]−1[X2(4)]− [V 1(4)]−1[V 2(4)]

]−1

·
[
[V 1(4)]−1[V 2(1)]− [X1(4)]−1[X2(1)]

]
(D9)

and the matrices involved in Eqs. (D6)–(D9) are all diagonal with the
diagonal elements given as

(Xq(j)
p )mn = Xp(j)

qn′ (ρ = a)δ(m′ − n′) (D10)

(V q(j)p )mn = V p(j)qn′ (ρ = a)δ(m′ − n′) (D11)

for m,n ∈ [1, 2N + 1] and m′ = m− (N + 1), n′ = n− (N + 1).
After substituting Eqs. (D4) and (D5) into Eqs. (20a)–(20d), multi-

plying both sides of the resulting equations with eimφ(m = −N,−N +
1, . . . , N − 1, N) and integrating from 0 to 2π, we end up with

2∑
q=1

[Iqe][h(1)
q ] = [I(2)][a] (D12)

2∑
q=1

[Iqh][h(1)
q ] +

k0
iωµ0

[I(2)][b] = [P ][I] (D13)
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2∑
q=1

[Aqe][h(1)
q ]− [I(5)][b] = [Q][I] (D14)

2∑
q=1

[Aqh][h(1)
q ] = − k0

iωµ0
[I(5)][a] (D15)

where

[Iqp] = [Bq(1)p ] + [B1(4)
p ][A1q] + [B2(4)

p ][A2q] (D16)

[Aqp] = [Cq(1)p ] + [C1(4)
p ][A1q] + [C2(4)

p ][A2q] (D17)

with

(Bq(j)p )mn =
∫ 2π

φ=0
(−i)n′e−i(n′−m′)φ

·
[
Y
p(j)
qn′ (ρ) sin θ + V p(j)qn′ (ρ) cos θ

]
dφ (D18)

(I(2))mn =
∫ 2π

φ=0
(−i)n′e−i(n′−m′)φ

·
[
− in

′

ρ
H

(1)
n′ (k0ρ) sin θ − k0H(1)′

n′ (k0ρ) cos θ
]
dφ (D19)

(P )nm =
1
iωµ0

∫ 2π

φ=0
(−i)n′e−i(n′−m′)φ

·
[
− in

′

ρ
Jn′(k0ρ) sin θ − k0Jn′(k0ρ) cos θ

]
dφ (D20)

(Q)mn =
∫ 2π

φ=0
(−i)n′e−i(n′−m′)φJn′(k0ρ)dφ (D21)

(Cq(j)p )mn =
∫ 2π

φ=0
(−i)n′e−i(n′−m′)φXp(j)

qn′ (ρ)dφ (D22)

(I(5))mn =
∫ 2π

φ=0
(−i)n′e−i(n′−m′)φk0H(2)

n′ (k0ρ)dφ (D23)

for q = 1 or 2, and p = e or h. Here, [I] is the (2N+1) dimensional
unit vector.

Straightforward algebraic manipulation for (D12)–(D15) yields

[a] =
[
iωµ0

k0
[I(2)]−1[D(1)] + [I(5)]−1[D(2)]

]−1
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·
[
iωµ0

k0
[I(2)]−1[P ] + [I(5)]−1[Q]

]
· [I] (D24)

[b] =
[
k0
iωµ0

[D(1)]−1[I(2)] + [D(2)]−1[I(5)]
]−1

·
[
[D(1)]−1[P ]− [D(2)]−1[Q]

]
· [I] (D25)

where

[D(1)] = [I1h][C(2)] + [I2h][C(1)] (D26)

[D(2)] = [A1e][C(2)] + [A2h][C(1)] (D27)

and

[C(1)] =
[
[I1e]−1[I(2e)]− [A1h]−1[A2h]

]−1

·
[
[I1e]−1[I(2)] +

k0
iωµ0

[A1h]−1[I(5)]
]

(D28)

[C(2)] =
[
[I2e]−1[I(1e)]− [A2h]−1[A1h]

]−1

·
[
[I2e]−1[I(2)] +

k0
iωµ0

[A2h]−1[I(5)]
]

(D29)

Equations (D24) and (D25) gives the complete solutions of the expan-
sion coefficients of the scattered wave of the structure, which makes
the bistatic echo width expression easily evaluated.

APPENDIX E: DETAILS FOR THE SCATTERING OF
TWO GYROMAGNETIC UNIAXIAL CHIRAL
CIRCULAR CYLINDERS

The boundary conditions at ρ1 = a1 can be written as

[A(1)
1 ][ainc] + [B(1)

1 ][a(1)] + [C(1)
1 ][a(2)] =

2∑
q=1

[De(1)q ][h(1)
q ] (E1)

[A(1)
1 ][binc] + [B(1)

1 ][b(1)] + [C(1)
1 ][b(2)] = − iωµ0

k0

2∑
q=1

[Dh(1)q ][h(1)
q ]

(E2)



Vector wave functions and applications 333

[A(1)
2 ][ainc] + [B(1)

2 ][a(1)] + [C(1)
2 ][a(2)] = − iωµ0

k0

2∑
q=1

[Eh(1)q ][h(1)
q ]

(E3)

[A(1)
2 ][binc] + [B(1)

2 ][b(1)] + [C(1)
2 ][b(2)] =

2∑
q=1

[Ee(1)q ][h(1)
q ] (E4)

and the boundary conditions at ρ2 = a2 can be written as

[A(2)
1 ][ainc] + [C(2)

1 ][a(1)] + [B(2)
1 ][a(2)] =

2∑
q=1

[De(2)q ][h(2)
q ] (E5)

[A(2)
1 ][binc] + [C(2)

1 ][b(1)] + [B(2)
1 ][b(2)] = − iωµ0

k0

2∑
q=1

[Dh(2)q ][h(2)
q ]

(E6)

[A(2)
2 ][binc] + [C(2)

2 ][b(1)] + [B(2)
2 ][b(2)] =

2∑
q=1

[Ee(2)q ][h(2)
q ] (E7)

[A(2)
2 ][ainc] + [C(2)

2 ][a(1)] + [B(2)
2 ][a(2)] = − iωµ0

k0

2∑
q=1

[Eh(2)q ][h(2)
q ]

(E8)

where

(A(j)
1 )mn =(−i)n′Jm′−n′(k0d)ei(m

′−n′)φjJ ′m′(k0aj) (E9)

(A(j)
2 )mn =(−i)n′Jm′−n′(k0d)ei(m

′−n′)φjJm′(k0aj) (E10)

(B(j)
1 )mn =(−i)n′H(2)′

n′ (k0aj)δ(m′ − n′) (E11)

(B(j)
2 )mn =(−i)n′H(2)

n′ (k0aj)δ(m′ − n′) (E12)

(C(j)
1 )mn =(−i)n′H(2)

m′−n′(2k0d)e
i(m′−n′)φjJm′(k0aj) (E13)

(C(j)
2 )mn =(−i)n′H(2)

m′−n′(2k0d)e
i(m′−n′)φjJ ′m′(k0aj) (E14)

(Ep(j)q )mn =
(−i)n′

k0
k(j)ρq (k(j)ρq aj)B

p(j)
q (kz = 0)δ(m′ − n′) (E15)

(Dp(j)q )mn =
(−i)n′

k0

[
k(j)ρq J

′
n′(k

(j)
ρq aj)A

p(j)
q (kz = 0)

+
in′

ρj
Jn′(k(j)ρq aj)C

p(j)
q (kz = 0)

]
δ(m′ − n′) (E16)
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with φ1 = 0, φ2 = π, j = 1 or 2, p = e or h, m, n ∈ [1, 2N + 1] and
m′ = m− (N + 1), n′ = n− (N + 1).

Straighforward manipulation for Eqs. (E1)–(E8) will give rise to
the solutions of the scattering coefficient vectors [a(1)], [b(1)], and
[a(2)], [b(2)], respectively.
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