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1. INTRODUCTION

There are many applications in electromagnetics involving periodic
structures, such as a periodically loaded waveguide, a frequency se-
lective surface (FSS), and a phased array antenna. To design devices
with specific electromagnetic scattering or radiation characteristics in
terms of their periodicity, geometrical layout, and composite media, a
general electromagnetic modeling and characterization method, which
is accurate and efficient, is needed. The finite element method (FEM)
is very suitable for the analysis of periodic structures, because after the
appropriate imposition of the periodic boundary condition, the compu-
tational domain for an infinite periodic array can be reduced to a single
unit cell which is usually in the order of a wavelength. Furthermore,
the FEM is a general and powerful electromagnetic modeling tool. It
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‘ can easily deal with problems of arbitrary complexity in both geometry
? and material composition; it generates a sparse system matrix which

) is efficient in terms of both the memory storage and the CPU time. In
this paper, the analysis of periodic structures will be addressed using
the FEM.

Depending on the different types of basis functions, the FEM used
for solving the electromagnetic (EM) problems can be divided into
two major categories: nodal FEM and tangentially continuous vector
FEM (TVFEM). TVFEM uses vector basis functions which impose
the tangential continuity, but allow the normal discontinuity on the
interface between two adjacent elements. The property of TVFEM
has many advantages over the traditional nodal FEM, including easy
imposition of boundary and interface conditions, absence of spurious
modes, and the ability to model PEC singularity. Therefore, TVFEM
has been widely used in the FEM community in recent years. This
paper mainly focuses on TVFEM to analyze periodic structures.

Several attempts have been made to study periodic structure by
combining the FEM with other techniques. In [1, 2], a two-dimensional
hybrid finite element/boundary element approaches addressing the infi-
nite grating problems has been reported. The three-dimensional finite-
element /boundary integral combination was presented in [3-6]. In this
approach, the field within the periodic cell is described by finite ele-
ments, the field outside the periodic cell is expressed by the boundary
integral equation with the periodic Green'’s function or by Floquent
harmonic expansion. The two fields are coupled at the interface us-
ing the continuity of tangential fields. This approach is complex in
its implementation, and it introduces a full sub-matrix into the sparse
system matrix, which is expensive in terms of both computation time
and memory requirement.

In this paper, the anisotropic perfectly matched layer (PML) [7]
is used to truncate the computational domain. The PML is placed
at a certain distance above/below the array to absorb the outgoing
plane waves. Compared with the boundary integral technique, the
implementation of the PML can be easily combined into the FEM
code, and the system matrix still possesses its sparsity property. Also,
in this paper, we offers a detailed formulation for the imposition of the
periodic boundary condition in TVFEM. The implementation makes
use of the basic property of TVFEM. Both Hy(curl) and H I(C"{f"l )
space are discussed. Following the formulation, we show numerical
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examples for a waveguide array as well as plane wave scattering by a
dielectric slab, a metal mesh, and a metal patch array to assess the
validity and accuracy of the method.

2. GENERAL FORMULATION

Consider a single unit cell in an infinite periodic array, shown in Figure
1. The array can be excited by an external source such as a plane wave
denoted by En¢ for scattering problems. It can also be excited by an
impressed electric and magnetic current, ] and M; within the unit
cell representing feeding structures for antennas such as a waveguide
or coaxial-line aperture on a PEC ground plane. The anisotropic PML
is placed at a certain distance above and below the unit cell to absorb
the outgoing wave E°“ ,, which in general can be a superposition of the
scattered field due to E™® and the radiation field from J; and M; .
The outer surfaces of the PML is terminated with a perfect electric
conductors (PEC). The total computational domain 2 is bounded by
the PEC and four side walls.

z z

»
z

I//”'

T
!

= 197} PML -
]

(a) (b)

Figure 1. (a) A unit cell in an infinite array, (b) Front view of the
cell.

In the non-PML region € excluding any PEC region, the total
electric field E satisfies the vector wave equation

Y x (1] 1V x B — Kaler)E = —jkoZodi = V x (7' 58) , (1)
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and the essential boundary condition 7 X E = 0 on the surface of the
PEC in ;.

In the PML region €2, the outgoing electric field satisfies the vector
wave equation:

V x ()1 x B — K[| E7* =0, (2)

and the essential boundary condition 7 X Eout — () on the surface of
the PEC at the back of the two PML regions.

By multiplying the equation (1) and (2) with an arbitrary weighting
function F', and integrating over their computational domains, we get
two weak form equations for (1) and (2), respectively:

/// (v (] VX E—KF - [e] ~E>dv—jkoZO/ A x H - Fds
1931 Uy

1

# ‘f//n P [ikoZoTi+ V x ()7 88:) ] do, 3
/f/n (V X F - [pr] ™ - V X Bo% _ ks« 6] Eout) 220

— jkoZo //F A x H . Fds=0, (4)
2

where T'; is the boundary around € and I is the boundary around
), . Since the incident wave satisfies the vector wave equation in the
free space, we also have

/// (v B -V x B KR [1] EW) dv
931

—jkozo// fx H". Fds = 0. (f
Iy

) |
S,

Because we want to get the outgoing field formulation, we split E=
Einc + Eout and H = H™ + H°Y in (3), delete the surface integral
about @ x H™ . F on I'; using (5), and add it with (4) to get

/// (V X B[]tV x E®% — kF - [e] -Eout) dv
Q

— jkoZo / / ax B . Fds
SL+Sr+SFr+SB
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3 _/// (V\ 1—:‘ ([/‘7'] - [[]) 'V X E"w—k(“ii‘% . ([(,,]_ [1]) 1 F;z’nr-)dv
(11

- //Ll F. [jkng.—I‘, + V x ([u]"/ﬁ‘li)] dv , (6)

where the essential boundary condition is

A out n - ;
B X E™ = —-fi x B on the surface of PEC in

i x B = ( on the surface of PEC backing the PML, ")
The periodic boundary condition on the four side walls is
A x BRt,, = —h x EQt eIV
n X ﬁ}%%;ht e ﬁi‘é?ze'jw‘ (8)
x Bt = —i x Egitye™%
A x Hptt,, = —i x HEie ¥

Here, ¥, and 1, are phase shift between the opposing walls along z
and y direction due to the source excitation. These phase shifts are
given by ¥, = kosinfcos¢D, and ¢y = kosinfsingD, . Equation
(6) and the boundary condition (7) and (8) are the preferred form
of the outgoing field formulation of periodic structures for scattering
and radiation. As can be seen, the excitation in the right hand side
of the system equations (6) is the volume integral over the dielectric
scatterers, the essential boundary cclndition on the surface of the PEC
in ©; , and volume integral about J; and M;. The imposition of the
periodic boundary condition results in a modification of the left hand
side of the system equation.

3. DISCRETIZATION AND BASIS FUNCTIONS

The total computational domain €2 is discretized using tetrahedra.
Each node in the mesh is given a node number i ; each edge is denoted
by an ordered node pair {i,4}; each face is by an ordered node triple
{i,4,k}. The electric field inside the domain 2 and on the ‘bouud-
ary surface as well as the magnetic field on the boundary surface are

approximated by the following expansion

N z . o
S T B T A RN

n=0
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is the vector basis function, ¢, and hy,, are the scalar ey
pansion coeflicient, N s number of total unknowns, and M st}
number of unknowns on the boundary. T'wo kinds of basis function
spaces, i.e., Ho(curl) and Hy(curl), are commonly used in TVFEM

8, 9].

For Hy(curl) space, the vector basis function is associated with the

where ¥,

edges of tetrahedron.
i = AMVA; - AV A, for edge {i,/} (10)

For H,(curl) space, the vector basis functions in a tetrahedron can be

divided into two groups:
edge basis functions

wij = VA and i = AjVA for edge {i,7}; (11)

face basis functions

ﬁ‘)o = 4)\,‘ (/\]V/\k g /\kV/\J) and 'l-l‘il = 4/\j (/\kV/\,- e )\,'V/\k)
for face {i,j,k}.

The basic property of TVFEM spaces is that the basis functions guar-
antee the tangential component of the field across the interface between
two adjacent elements is continuous, while the normal component 1s
allowed to be discontinuous. The periodic boundary condition (8) spec-
ifies that the electric and magnetic fields on a given side wall are the
same as those on the opposing side wall, except for a possible constant
phase shift. Therefore, in order to impose the periodic boundary con-
dition (8), one only needs to impose a phase-shift relationship between
unknown coefficients on the opposing side walls.

For ease of implementation, the surface meshes on the opposing
walls have to be identical, but the corresponding tetrahedra do not
necessarily have to be identical. Meanwhile, the node order for two
image edges or faces on opposing walls should map to each other,
which guarantees the basis functions for the two image edges or faces
are related because the basis function is determined by the order of
nodes. Another requirement is the global unknown coeflicient vector e
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and hy should be arranged such that,
hyest) ( @L(eft) \
h;_p erL—F
h, 5 er-B
o (ei o l}:F(ront) where e, = €F(ront) (13)
ep R(ight) €R(ight)
hR—F €eR-_F
\ hp_z €rR-B /
hB(ack) / €B(ack)

Here, e; is the unknown vector whose elements are inside 2; er and
h;, er and hp, e and hp, eg and hp are the unknown vectors
whose elements are on the left, front, right and back wall, respectively;
e,-r and hy_p, e,_p and h;_p, er-r and hg_p, ep_p and
hr_p are the unknown vectors whose elements are on the left-front,
left-back, right-front, and right-back edge, respectively.

Substituting the expansion (9) into the LHS of the equation (6), and
applying Galerkin’s formulation, i.e., let F = &, we get the system

matrix
/// (VXF'[/‘T]_I 'VXE’—kSF‘-[er]-E’)dv
Q
_jkOZO// i x B - Fds
SL+Sr+Sr+SB

= [S]nxn - € — jkoZo[U]nxm - hy

_ [ Sii Sip .(ei)_'kz(o)-h 14

_(SM sb,b) &) - ikaZo () (14)
where

[S)i; = ///Q (V X i [pr] ™tV X 05 — kb [er] 'J’J‘) dv

[U]i,j —- //fl X {ﬁ‘j . Jids.

In the system matrix (14), the number of equations is N, while the
number of unknowns is N + M . Therefore, the periodic boundary
condition is needed here to solve the system matrix.

(15)
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4. IMPOSITION OF THE PERIODIC BOUN

CONDITION | o

bout the imposition of periodic boundary C()Il(flfl.(_)j
g 14). However, before we proceed wit}
btain the structure of the matrix P .

The discussi .
focuses on the system matrix (
the discussion, it is necessary to O

[PJZJ — /IAI X ‘2;_7 : "Zz’ds (16)
8

From the basic property of TVFEM spaces, we can obtain two prop-
erties about the integral (16). v "
a: If the unknown coefficients associated with¢; and ; are nof
both in the plane s, j[s n X 72;}' - J,de = () as shown in Figure 2.a
b: The two integrals on two opposing walls have the relationship:
M7 x oy - hids = — [[,, i x j» - bpds as shown in Figure 2.b
Making use of the two properties about [P];.; , we obtain the structure
of matrix P,

A X X9 0 0 0 0 0
X i+ 0 -XI 0 0 0 0
z 7 |
Al 0 -YrY: 0 0 0 0 X7
S 0 x5 o B otk e Ay
: . - 6?4 ‘X% =¥ ¥ 0 0
\ 0 0 v X.) 0 }/4 s }/T; ‘\’/
—X3 0 0 0 =X ‘ l}
h; \ iy -
hy, p
h, g
hy
hp 17
oo (1
hp_p
\ hg )

In the TVFEM mod
out to be the relati
Opposing walls.

eling, the periodic bo
onship between the u
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Figure 2. Two properties about the integral, [P];. = f fs X @j -;ds .
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€R-F

€R-B
€B
€rL-B = (C2Imgxm2) €eL-F,

Cl]'mz Xmo
= Cllmz)(?nz

hR ClIml Xmi
hp_p
hp_p

hp

hL—B = (Cz]mzxmz) h;_F,

r xmr
ol A R
< - ClI"lQX”lz

n
62[7713 Xmg

CQIm"" X mas

er
er—F
erL—B
er
(18)

Where ¢; = e~ W= ¢, = e I%v; my is the number of unknowns in the
left or right surface; mso is the number of unknowns on an edge; my is
the number of unknowns in the front or back surface. From the surface
Coefficient relationship (18) and (19), we obtain

ey, hL
ep=T,-T>: | eL-F hy=T,-T2- | hy_p
er hF

(20)
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where
]’1H| X1ma \
( 1'7”2 Xma
I’"L'), xX1me
Jmaxmas
1 = ("11"“ X1my ’
5 Imgxmg K
ak Mg X1y (21)
c11
\ c21‘7n3)<m3 }
I"h xXma
: Im2 Xma
fQ = Czlmz XMz
Inls Xms3

From the structure of the matrix P, we could find the identity

TP T R =0, (22)
where
Jm Xma
Imz Xma
Ty =
1 Imz)(mz
Ims Xma
_}_Im; X1m1 \
C1
l1m2Xm2
C1
l[mz Xmz2
C1
lIma X mns3 /
Cc2
and
Im; Xma
TI A Im;z Xma iImzxmz
2w Co
Im3 Xmg

(2
Substituting (20) into the system matrix (14) and using the ident!t
(22), we get the system matrix for periodic structures
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N B i v B i3F 1o B) a0
—jkoZo// nx H - Fds
SL+SR+SF+SB

_ [ Sii Sip e; o 0
(Sb,i Sb,b) (eb)—Jk()Z()(P)-hb

=( s, Sip- I T < (24)
LTy Sey T3 T Spp-Ty-To ) \ew )’
where ey = (el el _p» €h). The imposition of the periodic

boundary condition can be viewed mathematically as column manipu-
lations (right multiplication with 7} and T5 ) and row manipulations

(left multiplication with 7] and T3) of the system matrix to merge
the coefficients on the opposing walls.

5. UPPER AND BOTTOM BOUNDARY TRUNCATION:
PML

The upper and bottom boundary of the computational domain ) are
truncated by the anisotropic PML. The permeability and permittivity
matrix of the PML [7, 10] are:

goip
[l =cod, [u]=poh, and A= At gt [ul3S)

a—jp

The special property of the PML guarantees that when a plane wave
propagates through an infinite interface between the free space and the
PML, there is no reflection for any incidence angle and polarization.
Meanwhile, the PML is lossy so that the plane wave decays while
it propagates in the PML. As we know from the Floquent harmonic
expansion [6], illuminating an infinite array with a monochromatic
plane wave results in a scattered field that is composed of an infinite
sets of plane waves (Floquent harmonics). A ﬁn?te number of these
waves propagate away from the array, the remaining waves attenuate
along the normal direction of the array. Since the PML is capable
of absorbing plane waves very well, we put the PML above/below the
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array by a fraction of a wavelength to absorb the outgoing plane Waveg.
Four parameters of the PML need to be determined, i.e., the height, of
the PML, the thickness of PML, and the values of a and .
PEC-backed PML, the reflection coefficient is

‘Or a

|R(6;)| = e 2Bkoteosts . |R(0;)| = —17.372Bkot cos 0;(dB), (26)

where 6; is the incidence angle of the plane wave, ¢ is the thickness
of the PML. In our implementation, ¢ is chosen to be 0.2X\g; A is
chosen from (26) so that R has —40dB attenuation. Theoretically, o
has no effect on the absorption capability of the PML, it only affects
the wavelength in the PML, usually we let o« = 3 to provide a good
compromise between the discretization error and the convergence speed
[11]. The height of the PML is determined by the attenuation rate of
the high order modes, its selection is a compromise between the number
of unknowns and absorption performance of the PML. Our results were
accurate when we placed the PML 0.3\ away from array.

6. NUMERICAL RESULTS

To validate the method, numerical results are generated for v
geometries and compared to available solutions in the literature. A
bi-conjugate gradient solver (BiCG) with diagonal preconditioning is
used to solve the resulting matrix equations.

In the first example, an infinite array of open rectangular waveguides
arranged in a rectangular grid is analyzed [12, 13]. Two cases are
tested. The first is a thin-walled waveguide array, and second is a
thick-walled waveguide array. Figures 3 and 4 show the geometry of
the waveguide array and the magnitude of reflection coefficient R in
terms of scan angle 6 from 0° to 60° for the H plane scan in these
two cases. For both cases, the PML is 0.23)\¢ thick and placed 0.29)g
above the ground plane. The average edge length is 0.057\o . From the
Floquent harmonic expansion, we know when 0 < 6 < sin™'(\o/D,),
only the (0,0) mode propagates from the array. Where @ increases,
the (—1,0) mode decays more and more slowly along z direction.
After 6 > sin~'(\o/D;), the (—1,0) mode becomes a propagating
mode. It propagates at the grazing angle, and then rises up. In this
analysiS, ﬂ =20 for 6 = 00—200; ,B = 2.5 for 0= 25° and 300; ,3 =
3.0 for @ = 35° and 40°; = 3.7 for 6 > 45°. As can be seen from
Figure 3 and 4, the FEM results match to the results from [12] and

arious
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[13] ver)j well. Since aroupd tpe grating lobe angle, the (—1,0) modes
decays slowly along z direction, and then pro i
) pagates at the grazing
angle, the PML cannot absorb the (—1,0) modes very well. Therefore
the FEI\I’I SOIUti(;n tfngs to smooth the magnitude of R around the
ating lobe angle. It doesn’t show the discontinui Sorads
e ba b aogle he discontinuity of the derivative
To further validate the method, we consider the analysis of the plane
wave scattering by some periodic structures. Usually in the scatter-
ing analysis, the reflection and transmission coefficient are preferred.
The computation of the reflection and transmission coefficient can be
obtained from the Floquent harmonic expansion. Once the scattered
field in a single unit cell is calculated using the FEM, the scattered field
just below the upper PML and just above the bottom PML is sampled
to derive the reflection and transmission coefficient. The reflected field
and transmitted field is a superposition of Floquent harmonics [6]:

¥ +00 400
o= S S [aulFE v o F]
m=—00 nN=—00 (27)

+0o0 +00
tr pTE tr pTM
E , z cmnan = dmnan ] )

m=—0o n=—00

Etr

Il

where ¢ and dmn are the unknown coefficients, and FTE and FIM

are the Floquent harmonics,

anf—lf “33 amy e—j(amx""aﬂy)e-jﬂzz,

FTE _
g \/Z(a% + a2,) (28)

}"-‘.TM e ame' + a‘n@ i (arzn 4 a?z) /ﬂzie—j(amfn-}—any)e—jﬁzz.
3 VA (02 + i)
Here
2mn
21T ; - il
= : 2 o = kopsin@cos ¢ +

Q= ko sin @ cos ¢ + D. n Dy (29)
B, = \/k2 — ok — on A= DzDy

cs, we can sep-

of Floquent harmoni
o and doo, we

thogonality
il dual modes. From <o

Making use of the e
FEtr into indivl

arate E/ and
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Array of Rectanguiar Waveguides with Thin Walls
T
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Figure 3. Amplitude of the reflection coefficient for an array of rect-
angular waveguides with thin walls.

Array of Rectangular Waveguides with Thick Walls

T T T T T T T T

e e e ae H, space
B > H' space
Integral Equation Result

0.65

°'zo 0.1 02 03 04 0.5 0.6 0.7 08 0.9

Figure 4. Amplitude of the reflection coefficient for an array of rect-
angular waveguides with thick walls.
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Figure 5. Reflection coefficient for a periodic array of dielectric strips.
€1 = 2.56; €2 = 1.44. dy = dy = d/2; h = 1m; h/d = 1.713. The
incident plane wave has j-polarized electric field with ¢ = 45° .

get the reflection and transmission coefficient for the (0,0) Floquent
mode.

In the first example of scattering, a dielectric layer with periodically
varying dielectric constant is analyzed [14, 15_]' The geometry and
magnitude of reflection coefficient is shown in Figure 5. The frequency
is from 248 to 300 MHz, i.e., koh from 5.2 to 6.28. In the FEM
model, the average edge length is 0.05m. The PML is 0.2 m thick and
placed 0.3 m above and below the dielectric slab. 3= 3.0. The FEM
results match the results of [14] very well. To further fiemopstrate
the accuracy of the method, Figure 6 shows the summation of power
reflection and transmission coefficient. As can be. seen, Hi(curl) offers
much more accurate result than Ho(curl) , especially at the two peaks.
When koh approaches 6.3, the error for ’both Ho(curl) and Hj(curl)
increases, due to the slow attenuation of the next Floquent mode, the

(1,0) mode.

In ‘the ¢ example metal meshes with various thickness are an-
nex )

i sh is 1m X1 m. The
i i cell in the metal mesh is | |
:lllblrzﬁg Tl.le (S)I(Z)% :;f aOSllragrlz, and 0.25. A plane wave 1;‘.{ noxrmally in-
ess is 0. : - : g
cident with the fre,quenCy varying from 150 to 300 MHz, i.e., g/
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Plane Wave Scattering by Periodic Array of Dielectric Strips
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Figure 6. Power reflection coefficient for + power transmission coef-
ficient, €1 = 2.56; €2 = 1.44. dy =dy =d/2; h = 1m; h/d = 1.713.
The incident plane wave has §-polarized electric field with "¢ = 45° .

from 0.5 to 1.0. Since the frequency band is wide, different grids are
used to obtain the corresponding segments of the transmittance curve.
For Ho(curl) elements, the average edge length is 0.1 m, 0.07 m, and
0.05m for the g/Ap from 0.5 to 0.63, 0.63 to 0.77, and 0.77 to 1.0,
respectively. For Hj(curl) elements, the average edge length is 0.1 m
and 0.07m for g/Ag from 0.5 to 0.67, and 0.67 to 1.0, respectively.
The PML is 4 times the average edge length thick and placed at a
distance of 6 times the average edge length from the mesh. The value
of B is set to 2.0. Figures 7 and 9 show the transmission curve for
Ho(curl) and Hj(curl) elements, respectively. Figures 8 and 10 show
the summation of the power reflection and transmission coefficients

for Ho(curl) and Hj(curl) elements, respectively. Compared with

the results from [16], the results with the H;(curl) elements match

very well, and its summation is very close to one, except when the

frequency approaches 300 MHz because the next high order Floquent

mode decays very slowly along the z direction at this frequency.
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1.1 Y Ho épace

0.3 L 1 A 1 3
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Figure 7. Power transmission coefficient for plane wave normal in-
cidence on a PEC mesh with varying thicknesses. g is period, t is
thickness, and c¢ is square hole size. H; elements used.
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H, space
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Figure 9. Power transmission coeflicient for plane wave normal in-
cidence on a PEC mesh with varying thicknesses. ¢ is period, t is
thickness, and ¢ is square hole size. H; elements used.
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Figure 10. Power reflection coefficient + power transmission coeffi-
cient. H; elements used.
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Figure 11. Power reflection coefficient. The incident plane wave has
y-polarized electric field, normal incidence.
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In the final test, we consider plane wave scattering by a PEC Datch
array. The period of the patch array i1s 1m x1m. The pate} Size
is 0.5m x0.5m. For Ho(curl) elements, the average edge length i
0.05m; for Hj(curl) elements, the average edge length is 0.1m, Ty,
PML is 0.3m thick and placed 0.4m away from the patch array 4
is set to 2.0 for frequencies below 300 MHz. When the frequency i
higher than 300 MHz, the grating lobe appears. In order to absorb t}
different beams which are propagating in the different directions, 3 i
set to be 3.5. Figures 11 and 12 show the power reflection coefficient,

and the summation of power reflection and transmission coefficient for
the PEC patch array.

7. SUMMARY AND DISCUSSION

Analysis of periodic structures using TVFEM is addressed in the paper.
The implementation of the periodic boundary condition makes use of
the basic property of TVFEM. The relationship between E and H
fields on the opposing walls is converted into the relationship between
the unknown coefficients on the opposing walls. A detailed formulation
is offered about how to use the coefficient relationship to merge the
unknown coefficients in the system matrix.

The PML is used to truncate upper and bottom of the computa-
tional domain. Compared with the commonly-used boundary inte-
gral and the Floquent harmonic expansion techniques, PML is easy to
implement into the FEM code and maintains the sparsity of system
matrix. However, the performance of PML depends on the incidence
angle of the plane wave. From (26), it could be seen that the 8 of the
PML has to increase with the incidence angle in order to obtain a de-
sired reflection coefficient. For example, at 6§ = 60°, 70°, and 80°. 5
has to be 3.67, 5.36, and 10.55 so that R has —40dB attenuation: at
90°, total reflection occurs. The large 3 leads to the rapid decay in
the PML and slow convergence in the iterative matrix solver [11]. The
rapid decay in the PML causes the numerical reflection at the interface
of the free space and the PML.

The H,(curl) elements offers more accurate results even when the
grid for the Hj(curl) elements is much coarser than the grid for
Ho(curl) elements. This is can been seen from the previous numerical
results. Therefore, H1(curl) elements are recommended.
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