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1. INTRODUCTION

In the modeling of microwave remote sensing observation, the radiative
transfer theory has been applied to studies of scattering and emission
from snow [1–3]. A key parameter in the radiative transfer equation
is the extinction coefficient, also known as the power attenuation co-
efficient. The total loss of a medium is expressed by the extinction
coefficient, which includes both the absorption loss and the scattering
loss. At low frequencies absorption is the primary loss process, whereas
at high frequencies scattering dominates over absorption. In order to
investigate the properties of snow at high frequencies, the effect of scat-
tering between ice particles must be taken into account. We employ
here the strong fluctuation theory to solve such a problem.
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The strong fluctuation theory has been extensively studied by sev-
eral groups [4–8]. In the strong fluctuation theory, an inhomogeneous
layer can be modeled as a continuous medium. Random medium is de-
scribed by a correlation function, with the variance characterizing the
strength of the permittivity fluctuations of the medium and correlation
lengths corresponding to the scales of the fluctuations. Dry snow is a
mixture of ice particles and air. Thus, a snowpack can be considered
as a random medium. We can use strong fluctuation theory to calcu-
late the extinction coefficient, phase matrix and effective permittivity
of snow.

The aim of this paper is to examine the extinction behavior of dry
snow in the 18 to 90 GHz range by using the strong fluctuation theory.
Two extinction coefficient models are used in this study. In the model
of Hallikainen et al. [9], the effective permittivity of dry snow is calcu-
lated by using strong fluctuation theory. The other modeling approach
discussed in this paper employs phase matrices in the strong fluctua-
tion theory to calculate the extinction coefficient. Phase matrices and
scattering coefficients for spherical symmetric correlation function are
derived in this paper. These formulas can also be used in radiative
transfer equations to calculate the emissivity of dry snow.

The results of calculated extinction coefficients by using the two
models are compared with the experimental data in the 18 to 90
GHz range. The experimental data of snow extinction coefficient are
adopted from [9].

2. EXTINCTION COEFFICIENTS USING PHASE

MATRIX IN STRONG FLUCTUATION THEORY

Consider scatterers with permittivity εs embedded in a background
medium with permittivity εb. In the case of dry snow, the scatterers
are ice particles and the background is air. The fraction volume occu-
pied by the scatterers is fν and the fraction volume occupied by the
background medium is 1 − fν . In the strong fluctuation theory, for a
spherical symmetric correlation function, the quasi-static permittivity
εg is determined by the following equation [4]:

fν

(
εs − εg

εs + 2εg

)
+ (1 − fν) ·

(
εb − εg

εb + 2εg

)
= 0 (1)
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The variance of the fluctuation δ is [4]:

δ = 9
ε2
g

ε2
0

[
fν

(
εs − εg

εs + 2εg

)2

+ (1 − fν) ·
(

εb − εg

εb + 2εg

)2
]

(2)

Now we use the fluctuation theory to calculate the phase matrix and
extinction coefficient. The extinction coefficient κeν is defined as [9]:

κeν = κa + κsν (3)

where κa is the absorption coefficient and κsν is the scattering co-
efficient; subscribe ν denotes the ν polarization. The absorption
coefficient κa is defined as [9]:

κa = 2k0Im

[(
εg

ε0

) 1
2

]
(4)

where k0 is the wave number of free space; εg is the quasi-static value
of the dielectric constant of dry snow.

The scattering coefficients κsν and κsh are deduced from the phase
matrix components [5]

κsν(θ) =
∫ π

0
dθ′ sin θ′

[
P11(θ, θ′) + P21(θ, θ′)

]
(5)

κsh(θ) =
∫ π

0
dθ′ sin θ′

[
P12(θ, θ′) + P22(θ, θ′)

]
(6)

where the phase matrix elements P (θ, φ; θ′, φ′) are [5]:

P11(θ, θ′) =
∫ 2π

0
d(φ − φ′) · δ

[
cos2 θ cos2 θ′ cos2(φ − φ′)

+ 2 sin θ cos θ sin θ′ cos θ′ cos(φ − φ′)
+ sin2 θ sin2 θ′

]
Wνν(θ, θ′;φ − φ′) (7)

P22(θ, θ′) =
∫ 2π

0
dφ · δ cos2(φ − φ′)Whh(θ, θ′;φ − φ′) (8)

P12(θ, θ′) =
∫ 2π

0
dφ · δ cos2 θ sin2(φ − φ′)Wνh(θ, θ′;φ − φ′) (9)

P21(θ, θ′) =
∫ 2π

0
dφ · δ cos2 θ′ sin2(φ − φ′)Whν(θ, θ′;φ − φ′), (10)
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where δ is the normalized variance of fluctuations (2). The function
Wα,β can be obtained by [3]

Wα,β =
πk4

effδ

2
Φ(keff (k̂i − k̂s)), (11)

where keff is the effective wave number in snow; k̂i is the incident
direction of incident plane wave; k̂s is the scattered direction of scat-
tered wave. The terms k̂i − k̂s in (11) can be written in terms of
(θ, φ; θ′, φ′) as:

k̂i − k̂s =
[
(sin θ cos φ − sin θ′ cos φ′)2 + (sin θ sinφ − sin θ′ sinφ′)2

+(cos θ − cos θ′)2
]1/2

=
√

2
[
1 − cos θ cos θ′ − sin θ sin θ′ cos(φ − φ′)

]1/2 (12)

In (11), Φ is the spectral density function which is defined as the three-
dimensional Fourier transform of the normalized correlation function
ACF (r′ − r′′)

Φ(k) =
1

8π3

∫ ∞

−∞
d3rACF (r)eik·r (13)

In the spherical symmetric case with exponential correlation function
[10]:

ACF (|r|) = exp
(
−|r|

ls

)
(14)

where ls is correlation length. By substituting (14) to (13), we obtain:

Φ(k) =
1

8π3

∫ ∞

−∞
d3r exp

( |r|
ls

)
eik·r

=
1

8π3

∫ 2π

0
dφ

∫ π

0
sin θdθ

∫ ∞

−∞
drr2 exp

(
− r

ls

)
eikr

=
1

8π3
· 2π · 2 ·

∫ ∞

−∞
drr2 exp

(
− r

ls

)
eikr (15)

The integral in (15) is a one-dimensional Fourier transform of the func-
tion f(r) = r2 exp(−r/ls) and the result is [11]:

∫ ∞

−∞
drr2 exp

(
− r

ls

)
eikr = 2l3sΓ(3)

1
(1 + k2l2s)3/2

cos [3 arctan(kls)]

(16)
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where the Gamma function Γ(3) = 2. Wα,β can be written as:

Wα,β =
πk4

effδ

2
· 1
π2

· l3s(
1 +

[
keff (k̂i − k̂s)

]2
l2s

)3/2

· cos
[
3 arctan(keff (k̂i − k̂s)ls)

]
(17)

We can calculate the scattering coefficients as follows: According to
the measurement procedure of [9] the incidence angle is θ = 0. Apply-
ing the strong fluctuation theory with spherical symmetric correlation
function, we can get from (7)–(10), (12) and (17):

Wα,β =
k4

effδ

2
· 1
π
· l3s(

1 + 2k2
eff [1 − cos θ′] l2s

)3/2

· cos
[
3 arctan

(
keff21/2

[
1 − cos θ′

]1/2
ls

)]
(18)

P11(θ, θ′) = P12(θ, θ′) = πδ cos2 θ′Wνν (19)
P22(θ, θ′) = P21(θ, θ′) = πδWhh (20)

The scattering coefficients κsν and κsh are deduced from the phase
matrix components:

κsv(θ) = κsh(θ) =
∫ π

0
dθ′2πδ sin θ′(1 + cos2 θ′)Wνν (21)

In numerical calculations discussed in Section 4, the correlation length
is set to ls = 2D/3 [10], where D is the mean diameter of ice particles.

For the non-spherical case, we consider anisotropic correlation func-
tion with azimuthal symmetry [5]:

ACF (r) = exp
(
−x2 + y2

L2
p

− |z|
Lz

)
(22)

The expression of the phase matrix elements P (θ, φ; θ′, φ′) for aniso-
tropic correlation function with azimuthal symmetry can be found in
[5]. For easy reference, we give these phase matrix elements in Ap-
pendix I.



44 Wang et al.

3. HALLIKAINEN ET AL.’S EXTINCTION
COEFFICIENT MODEL

Hallikainen et al.’s [9] extinction coefficient model is:

κe = 2Im(keff ) = 2k0Im

[(
εeff

ε0

) 1
2

]
(23)

where εeff is the effective permittivity of dry snow by using strong
fluctuation theory with symmetric correlation function. The formulas
for effective permittivity εeff with exponential correlation function
are given in [7]. For easy reference, we give the formulas for effective
permittivity in Appendix 2. In numerical calculations, the correlation
length l = 2D/3 is used.

4. COMPARISON OF CALCULATED EXTINCTION
COEFFICIENTS WITH DATA

The experimental data of snow extinction coefficient is adopted from
[9]. According to [9], the snow extinction coefficient can be determined
by measuring the transmission-loss factor L(dB) as a function of the
snow slab thickness. In [9], the transmission loss for 18 snow samples
was measured at 18, 35, 60 and 90 GHz using a free-space transmis-
sion experiment system. During the measurements, the samples were
handled and stored at −15◦C. The properties of 18 snow samples and
the experimental extinction coefficient κe for 18 snow samples can be
found in [9]. For easy reference, the properties of 18 snow samples are
listed in Table 1.

The comparison of calculated extinction coefficients with experi-
mental data for 18 snow samples at 18 GHz, 35 GHz, 60 GHz and
90 GHz are shown in Fig. 1–4. In these Figures, “Hallikainen” means
extinction coefficient calculated by using Hallikainen et al.’s extinction
coefficient model (23); “Sphere” means extinction coefficient calculated
by using strong fluctuation theory with spherical symmetric correlation
function (21); “non-sphere” means extinction coefficient calculated by
using strong fluctuation theory for anisotropic correlation function (22)
with azimuthal symmetry [5].

It can be seen from Fig. 1–4 that the model predictions agree well
with the measured extinction coefficients for 35 GHz and 60 GHz.
The model derived values at 18 GHz are smaller than the measured
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No. Date Depth Observed Surface Density Dielectric comments
snowpack Mean grain roughness g/cm3 constant at

size (mm) (mm) 10 GHz

1 Feb. 1 Top 0.2 0 0.172 1.31 One-hour old snow

2 Feb. 15 Near Top 0.5 0 0.194 1.34 Newly fallen snow

3 Feb. 16 Near Top 0.7 0 0.217 1.39 Newly fallen snow

4 Feb. 18 Top 0.2 0 0.322 1.58 5-day old snow

5 Mar. 12 Top 0.3 0 0.277 1.52

6 Mar. 12 Middle 0.9 0 0.268 1.49 Separate grains

7 Mar. 18 Near Top 0.4 0 0.235 1.41 Newly fallen snow

8 Mar. 21 Near Bottom 1.0 1 0.315 1.58

9 Mar. 29 Top 1.0 1 0.385 1.75 Hard snow

10 Mar. 29 Near Bottom 1.0 1 0.276 1.50 Separate grains

11 Apr. 7 Top 1.3 2 to 3 0.307 1.61

12 Apr. 11 Top 1.2 3 0.304 1.61

13 Apr. 11 Near Bottom 1.3 1 to 3 0.293 1.54

14 Apr. 13 Top 1.5 2 to 3 0.345 1.64

15 Apr. 13 Middle 1.1 1 to 2 0.332 1.63

16 Apr. 16 Bottom 1.1 1 to 2 0.361 1.77 Separate grains

17 Apr. 17 Top 1.5 2 to 4 0.390 1.79

18 Apr. 30 Near Top 1.6 2 to 3 0.351 1.66

Table 1. Properties of 18 snow samples [9].

Figure 1. Extinction coefficient for 18 snow types of 18 GHz.
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extinction coefficients. However, the experimental values of extinction
coefficients at 18 GHz may be biased, due to the low transmission loss
(mostly below 1 dB) even for thick snow samples [9]. At 90 GHz, the
results of the models fit into the measured extinction coefficients for
grain sizes smaller than 0.9 mm (samples 1–8). The model derived
values are larger than the measured extinction coefficients for grain
sizes larger than 0.9 mm (samples 9–18).

5. CONCLUSIONS

Extinction behaviors of dry snow by using the strong fluctuation the-
ory are studied in this paper. We present two extinction coefficient
models in this paper: one is derived from the phase matrix, the other
is derived from the effective permittivity. Comparisons of calculated
extinction coefficients with literature based data up to 90 GHz [9] are
made. The results show that the strong fluctuation theory provides
reasonably accurate results for the extinction coefficients except for
large grain sizes at very high frequency (90 GHz). Moreover, we know
indirectly that the effective permittivity calculated by strong fluctua-
tion theory [6] is accurate enough in the microwave range. Therefore,
the matrix and extinction coefficients derived in this paper and the
effective permittivity derived by Stogryn [6] can be used in the ra-
diative transfer equation to calculate the brightness temperature of a
snowpack.

APPENDIX I: PHASE MATRIX ELEMENTS FOR THE
TRANSVERSE ISOTROPIC CORRELATION
FUNCTIONS

The elements of phase matrix for the transverse isotropic correlation
functions can be written as [5]:

P11(θ, θ′) = Q(θ − θ′) exp(−A)
{[

δ33 sin2 θ sin2 θ′

+
1
2
δ11 cos2 θ cos2 θ′

]
I0(A)

+ 2δ13 sin θ sin θ′ cos θ cos θ′I1(A)

+
1
2
δ11 cos2 θ cos2 θ′I2(A)

}
(A1)
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Figure 2. Extinction coefficient for 18 snow types of 35 GHz.

Figure 3. Extinction coefficient for 18 snow types of 60 GHz.
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Figure 4. Extinction coefficient for 18 snow types of 90 GHz.

P12(θ, θ′) =
1
2
δ11Q(θ, θ′) exp(−A) cos2 θ [I0(A) − I2(A)] (A2)

P12(θ, θ′) =
1
2
δ11Q(θ, θ′) exp(−A) cos2 θ′ [I0(A) − I2(A)] (A3)

P22(θ, θ′) =
1
2
δ11Q(θ, θ′) exp(−A) [I0(A) + I2(A)] (A4)

where

Q(θ, θ′) =
k4

g

4
lzl

2
p

1 + k2
g(cos θ − cos θ′)2l2z

exp

[
−

k2
g l

2
p(sin θ − sin θ′)2

4

]

(A5)

A =
k2

g l
2
p sin θ sin θ

2
(A6)

δ11 = fν ·
∣∣∣∣ εs − εg

ε0 + S(εs − εg)

∣∣∣∣
2

+ (1 − fν) ·
∣∣∣∣ εb − εg

ε0 + S(εb − εg)

∣∣∣∣
2

(A7)

δ13 = Re
[
fν · εs − εg

ε0 + S(εs − εg)
·
{

εs − εgz

ε0 + Sz(εs − εgz)

}∗
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+(1 − fν) ·
εb − εg

ε0 + S(εb − εg)
·
{

εb − εgz

ε0 + Sz(εb − εgz)

}∗]
(A8)

δ33 = fν ·
∣∣∣∣ εs − εgz

ε0 + Sz(εs − εgz)

∣∣∣∣
2

+ (1 − fν) ·
∣∣∣∣ εb − εgz

ε0 + Sz(εb − εgz)

∣∣∣∣
2

(A9)

and

S =
ε0 · b1/2

1

εg(2b
1/2
1 + 1)

, Sz =
ε0

εgz(2b
1/2
1 + 1)

(A10)

where:

b1 = bh2 =
εg · l2z
εgz · l2p

(A11)

εg and εgz are solutions of the two non-linear coupled equations [4]:

fv ·
εs − εg

ε0 + S(εs − εg)
+ (1 − fν) ·

εb − εg

ε0 + S(εb − εg)
= 0 (A12)

fν · εs − εgz

ε0 + Sz(εs − εgz)
+ (1 − fv) ·

εb − εgz

ε0 + Sz(εb − εgz)
= 0 (A13)

In(A) is the modified Bessel Function of the first kind of n-th order,
which can be calculated by:

In(z) =
1
π

∫ π

0
exp [z · cos φ] cos(nφ)dφ (A14)

APPENDIX II: EFFECTIVE PERMITTIVITY εeff BY
USING STRONG FLUCTUATION THEORY

Effective permittivity εeff by using strong fluctuation theory with
exponential correlation function are [6]:

εeff = εg + k2
0δ

(
2I1

3
− iL2

kg
− I3

3
+

I4

k2
0εg

)
(A15)

where

I1 =
1

β2 + k2
g

(A16)
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I2 = − 3β

2k2
g

+
1

2kg

(
3β2

k2
g

+ 1
)

tan−1 kg

β
(A17)

I3 =
3
k2

g

− 1
β2 + k2

g

− 3β

k3
g

tan−1 kg

β
(A18)

I4 =
1
3
− β2

2k2
g

− β

2kg

(
β2

k2
g

+ 1
)

tan−1 kg

β
(A19)

with
β =

1
L

− ikg (A20)

where L is correlation length and the wave number kg = ω
√

εgµ0.
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