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1. INTRODUCTION

We denote by “nearly two dimensional object” a three dimensional
(3D) homogeneous scattering object which is close to a two dimen-
sional (2D) one. In other words, this object is almost invariant by
translation with respect to a privileged direction. This kind of object
is commonplace in Electromagnetics and in Optics. For instance, some
gratings can present slight variations of profile along the direction of
the grooves. In the same way, 2D photonic crystals made by pho-
tolithography [1] can present slight variations of section. Furthermore,
airplane wings or helicopter blades (which has a vital importance in
the calculations of the Radar Cross Section) and many biologic objects
(arm and leg bones for examples) that can be observed by microwave
imaging, satisfy this property.
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In general, two kinds of approaches are developed for these objects.
The first one reduces the problem to a 2D problem by neglecting the
section variation of the object along the privileged axis. In contrast,
the second one uses a classical 3D theory. Unfortunately, the numeri-
cal treatment of rigorous 3D problems requires long computation times
and large memory storage. This fact explains why these methods be-
come more and more difficult to implement as the size of the diffracting
object increases.

Thus we thought it of interest to develop a new theory which should
be able to solve with precision the problem of scattering from this kind
of object by using codes devoted to 2D objects, without neglecting the
variation of section along the privileged axis.

The first basic idea is to cut the nearly two-dimensional object into
different cross section, perpendicular to its privileged axis, then to con-
sider that the local behaviour of the object is the same as that of the
2D object having the same cross-ection. Of course, this method (called
section method in the following) reduces the scattering problem to the
solution of several 2D problems. However, we thought that this rudi-
mentary approach could be improved. With this aim, we have tried to
elaborate a theory which keeps the basic features of a rigorous electro-
magnetic theory when necessary (i.e. in the directions perpendicular to
the privileged axis) and adapts the point of view of the physical optics
approximation (or Kirchhoff approximation) along this last axis [2,3].
The main advantage of the classical physical optics approximation lies
in its simplicity, which entails a straightforward numerical treatment
and a short computation time. On the other hand, it has been shown
that this method may fail in resonance conditions, when the wave-
length of the incident field has the same order of magnitude as the
dimensions of the diffracting object [4]. Due to this reason the varia-
tion of the section of the nearly 2D object on two planes orthogonal
to the privileged axis and separated by one wavelength must be small
with respect to the wavelength.

The starting point of our theory is the rigorous Waterman formalism
[5]. Our basic equations are obtained by analysing the asymptotic be-
haviour of Waterman equations when the nearly 2D object is expanded
in the direction of the privileged axis. In addition, this classical the-
ory will provide rigorous numerical data for 3D objects, in order to
estimate the precision of our approximate theory.
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In the present paper, the Axis Expansion Method (A.E.M.) is devel-
oped in the case of perfectly conducting diffraction grating problems.
It will be shown that it can provide very precise results with very short
computation time, using codes devoted to 1D gratings only (2D prob-
lems). It can deal with gratings with small slopes along the privileged
axis and arbitrary shapes along the other axis of periodicity.

2. PRESENTATION OF THE PROBLEM

We consider an homogeneous monochromatic plane wave incident on
a doubly-periodic perfectly conducting grating (Fig. 1). In accordance
with the conventional choice of axes for classical diffraction grating
problems, the y axis of the cartesian rectangular coordinate system is
orthogonal to the mean plane of the grating surface P , given by y =
F (x, z) . The two periods of the grating are denoted by dx = 2π/Kx ,
the period along the x axis, and dz = 2π/Kz , the period along the
z axis, with dz >> dx , dx being of the same order as the wavelength
λ of the incident light. The region above the profile P contains air
(region R+ ) and thus its index will be assumed to be equal to 1. The
unit normal to P oriented towards this region is denoted by n̂ .

The direction of the incoming plane wave is specified by two angles
θ and φ (Fig. 2). The first angle θ is the angle between the incident
wave vector k and the y axis, φ is the angle between the projection
of k onto the x − z plane and the x axis. Thus, the wave vector of
the incident beam writes

k = αx̂ − βŷ + γẑ, (1)

where x̂ , ŷ and ẑ are the unit vectors of x , y and z axes respectively,
with 





α = k sin θ cos φ,

β = k cos θ,

γ = k sin θ sin φ,

(2)

and k = |k| = 2π/λ is the wave number of the incident light.
Suppressing the time dependence exp(−iωt) , the expression for the

electric field of the incident wave is given by

Ei = A00 exp(iαx − iβy + iγz). (3)

In order to define the polarization of the incident beam, we introduce
a third angle δ , such that when δ = 90◦ , the vector amplitude of
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Figure 1. Schematic representation of a nearly 2D diffraction grating.
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Figure 2. Definition of the incidence angles θ , φ and the polarization
angle δ . A00 = cos δts + sin δtp .
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the incident electric field A00 = tp lies in the plane of incidence (p
polarization) and when δ = 0◦ , A00 = ts is orthogonal to the plane
of incidence (s polarization). If we normalize the magnitude of A00 to
unity, then






Ax,00 = − cos δ sinφ + sin δ cos θ cos φ,

Ay,00 = sin δ sin θ,

Az,00 = cos δ cos φ + sin δ cos θ sinφ.

(4)

The diffracted field is defined above the surface of the grating by
Ed = E − Ei , where E represents the total field. Above the top of
the grooves, the diffracted field can be represented by the so-called
Rayleigh expansion [6–8]:

Ed =
∑

n

∑

m

Bnm exp(iαnx + iβnmy + iγmz), if y > yM , (5)

where yM is the maximal value of F (x, z) and
∑

n denoting a sum
from −∞ to +∞ , αn , βnm and γm denoting the propagation con-
stants of the diffracted orders :

αn = α + nKx, (6)
γm = γ + mKz, (7)

βnm =

{
(k2 − α2

n − γ2
m)1/2 if (n, m) ∈ U

i(α2
n + γ2

m − k2)1/2 otherwise,
(8)

U is a finite set of integers (n, m) for which k2 −α2
n −γ2

m is positive,
the corresponding plane waves being the propagating (non-evanescent)
orders of the grating.

We denote efficiency en,m , in the (n, m) order, the diffracted energy
to incident energy ratio, deduced from the Bnm :

if (n, m) ∈ U, enm = (|Bx,nm|2 + |By,nm|2 + |Bz,nm|2)βnm

β
. (9)

It is well known that the knowledge of the surface current density jP
flowing the surface of the grating allows one to compute the amplitudes
of the diffracted waves in all the propagative or evanescent orders.
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Expressions linking the amplitudes Bnm of the diffracted electric wave
in the (n, m) order and the surface current density jP are :

(γmBx,nm − αnBz,nm) =

1
2idxdz βnm

∫ dx

0

∫ dz

0
[γmφx(x, z) − αnφz(x, z)]

× exp[−iαnx − iβnmF (x, z) − iγmz] dxdz,

(10)

and

(αnBx,nm + γmBz,nm) =

− 1
2idxdz k2

∫ dx

0

∫ dz

0

{[

αnβnm − (α2
n + γ2

m)
∂F (x, z)

∂x

]

φx(x, z)

+
[

γmβnm − (α2
n + γ2

m)
∂F (x, z)

∂z

]

φz(x, z)

}

× exp[−iαnx − iβnmF (x, z) − iγmz] dxdz.
(11)

where the function Φ = φxx̂+φyŷ+φz ẑ is closely linked to the surface
current density jP on the grating surface by :

Φ(x, z) = −iωµ0

√

1 +
(

∂F (x, z)
∂x

)2

+
(

∂F (x, z)
∂z

)2

jP(x, z). (12)

So, the problem lies in the calculation of the function Φ .

3. THEORY

Obviously, the mathematical handling of our basic idea, i.e. the syn-
thesis of a rigorous treatment in two directions of space with a physical
optics approximation in the third direction is not trivial. In order to
understand how it can be made, it is necessary to give to the classical
physical optics approximation a new mathematical interpretation. To
this end, we have chosen the most simple case: the classical grating.

3.1 Case of 1D Gratings in s-polarization

Let us consider a perfectly conducting grating having a large period
with respect to the incident wavelength and a small slope at any point
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of the profile y = f(x) . This grating is illuminated with s polarized
light, the incident wave-vector lying in the x − y plane (Fig. 3). In
that case, the total field E = Ez ẑ and the function Φ(x, z) = φz(x)ẑ
are parallel to the z axis, with

φz(x) =
√

1 + f ′(x)2 dEz/dn. (13)

The diffracted electric field Ed = Ed
z ẑ above the grooves is given by

the following expansion:

Ed
z =

∑

n

Bz,n exp(iαnx + iβny) (14)

with

αn = α + nλ/d, (15)

βn =
{

(k2 − α2
n)1/2 if n ∈ U

i(α2
n − k2)1/2 else

(16)

U is a finite set of integers n , for which k2 − α2
n is positive, the cor-

responding plane waves being the propagating (non-evanescent) orders
of the grating.

So, equation (10) enables one to express Bz,n and the efficiencies
en in the form:

Bz,n =
1

2idxβn

∫ dx

0
exp[−iαnx − iβnf(x)]φz(x)dx, (17)

en = |βz,n|2
βn

β
. (18)

The approximate value φK
z of φz is obtained from the Kirchhoff

approximation in the following way: we shall assume that the normal
derivative of the field at a certain point M of P is the same as the
normal derivative of the field which would be obtained by replacing
P by a plane mirror Σ2 tangent to P at that same point (Fig. 3).
So the “local” value of Ez at the vicinity of P will be the sum of
the incident wave and the wave reflected by the fictitious mirror. An
effortless calculation shows that:

φK
z (x) = −2i(β + αf ′(x)) exp(iαx − iβf(x)). (19)
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Figure 3. Symbols and notations for a nearly 1D problem.

Let us notice that the section method, in this simple case, consists in
replacing the grating surface by the mirror Σ1 , parallel to the x axis,
which shows obviously the superiority of the physical optics approxi-
mation.

The aim of this subsection is to show that equation (19) can be re-
trieved from a mathematical approach based on the Waterman method
[5]. We start from the Waterman formula

∀n,
1
dx

∫ dx

0
φ̃z(x) exp[−inKxx + iβnf(x)]dx = −2iβnδn,0, (20)

where φ̃z(x) is the periodized function φz(x) , i.e. the function φz(x)
multiplied by exp(−iαx) .

Let us recall that the Waterman theory uses the infinite set of equa-
tions given by (20) in order to determine φ̃z . Indeed, it can be proved
that the functions vn(x) = exp[−inKxx+ iβnf(x)] form a topological
basis [9].

Now, let us introduce the following change of variable:

u = Kxx, (21)

We define p(u) = f(u/Kx) , a periodic function of period 2π , and
ψ(u) = φ̃z(u/Kx) . Let us assume that Kx = 2π/dx tends to 0 .
Consequently, ψ(u) and βn can be developed in entire series of Kx :

ψ(u) = ψ0(u) + Kxψ1(u) + Kx
2ψ2(u) + . . . (22)
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and
βn = β − α

β
nKx + . . . . (23)

So, when Kx tends to 0 , (20) can be written, at the zeroth order in
Kx :

1
2π

∫ 2π

0
ψ0(u) exp(−inu + iβp(u))du = −2iβδn,0, (24)

and at the first order:

1
2π

∫ 2π

0
[ψ0(u) + Kxψ1(u)][1 − i

α

β
nKxp(u)] exp(−inu + iβp(u))du

= −2iβδn,0.
(25)

Now, we can see that the left-hand member of equation (24) is
nothing but the Fourier coefficient in the nth order of the function:

η(u) = ψ0(u) exp(iβp(u)). (26)

So, the summation from n = −∞ to n = +∞ of the Fourier series
whose coefficients are given by equation (24) enables one to write:

ψ0(u) = −2iβ exp(−iβp(u)). (27)

Then, the first order term in Kx of (25) is :

1
2π

∫ 2π

0
[− iα

β
p(u)nψ0(u) + ψ1(u)] exp(−inu + iβp(u))du = 0. (28)

Here, the left-hand member of this equation represents the Fourier
coefficient at the nth order of the function :

ζ(u) = −α

β

d

du
[p(u)ψ0(u) exp(iβp(u))] + ψ1(u) exp(iβp(u)). (29)

Using (27) in order to replace ψ0(u) exp(iβp(u)) by −2iβ in (29) and
summing the Fourier series from n = −∞ to n = +∞ , yield

ψ1(u) = −2iαp′(u) exp(−iβp(u)). (30)

so that at the first order,

ψ(u) = −2i(β + αKxp′(u)) exp(−iβp(u)), (31)
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or
φz(x) = −2i(β + αf ′(x)) exp(iαx − iβf(x)) = φK

z (x). (32)

It can be concluded that the mathematical expression of the Kirchhoff
approximation is the expansion at the first order in Kx of the Wa-
terman formula. This can explain why the Kirchhoff approximation is
valid only when dx is large with respect to the wavelength [4]. The
same result can be obtained for 1D gratings in the p polarization case.
In other words, for 1D gratings, the A.E.M. reduces to the classical
Kirchhoff approximation.

In the next subsection our new formalism will be obtained by consid-
ering that Kz tends to 0 in the Waterman equations for 2D gratings
and by developing at the first order in Kz .

3.2 Case of 2D Gratings

As for 1D gratings, the starting point of our new method is the
Waterman formalism [10]:

∀(n, m),

1
dxdz

∫ dx

0

∫ dz

0

{[

βnm + αn
∂F (x, z)

∂x

]

φ̃x(x, z) + αn
∂F (x, z)

∂z
φ̃z(x, z)

}

exp[−inKxx + iβnmF (x, z) − imKzz]dxdz

= −2i[(k2 − γ2)Ax,00 + αγAz,00] δn,0 δm,0,
(33)

and
1

dxdz

∫ dx

0

∫ dz

0

{

− αγm φ̃x(x, z) + iγm
∂φ̃x(x, z)

∂x

+
[

k2 − γ2
m + γmβnm

∂F (x, z)
∂z

]

φ̃z(x, z)

}

exp[−inKxx + iβnmF (x, z) − imKzz] dxdz

= −2ik2βAz,00 δn,0 δm,0,

(34)

where Φ̃(x, z) is a doubly periodic function :

Φ̃(x, z) = Φ(x, z) exp(−iαx − iγz). (35)

We proceed like in subsection 3.1, by introducing the variable:

v = Kzz, (36)
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so that, p(x, v) = F (x, v/Kz) is a doubly periodic function of periods
dx along x and 2π along v , and Ψ(x, v) = Φ̃(x, v/Kz) .

According to the previous subsection, when dz >> dx , the ap-
proximate value of Ψ(x, v) will be obtained by using an asymptotic
process. We shall assume that Kz (and only Kz ) tends to 0 , and
develop Ψ(x, v) and βnm in a series of Kz in (33) and (34). So we
write

ψx(x, v) = ψx0 + Kzψx1 + . . . , (37)
ψz(x, v) = ψz0 + Kzψz1 + . . . , (38)

and
βnm = βn0 −

γ

βn0
mKz + . . . , (39)

in such a way that equation (33) yields:

1
2πdx

∫ dx

0

∫ 2π

0
[η(x, v) + Kzζ(x, v) + imKzϑ(x, v)] exp(−imv) dxdv

= −2i[(k2 − γ2)Ax,00 + αγAz,00] δn,0 δm,0,
(40)

where

η(x, v) =
[

βn0 + αn
∂p(x, v)

∂x

]

ψx0(x, v) exp(−inKxx + iβn0p(x, v)),

(41)

ζ(x, v) =

{[

βn0 + αn
∂p(x, v)

∂x

]

ψx1(x, v)

+ αn
∂p(x, v)

∂v
ψz0(x, v)

}

exp(−inKxx + iβn0p(x, v)), (42)

and

ϑ(x, v) =
γ

βn0

[

i − (βn0 + αn
∂p(x, v)

∂x
)p(x, v)

]

× ψx0(x, v) exp(−inKxx + iβn0p(x, v)),
(43)

and (34) becomes:

1
2πdx

∫ dx

0

∫ 2π

0
[χ(x, v) + Kzξ(x, v) + imKzϕ(x, v)] exp(−imv) dxdv

= −2ik2βAz,00 δn,0 δm,0,
(44)
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where

χ(x, v) =
[

− αγψx0(x, v) + iγ
∂ψx0(x, v)

∂x

+ (k2 − γ2)ψz0(x, v)
]

exp(−inKxx + iβn0p(x, v)), (45)

ξ(x, v) =
[

− αγψx1(x, v) + iγ
∂ψx1(x, v)

∂x
+ (k2 − γ2)ψz1(x, v)

+ γβn0
∂p(x, v)

∂v
ψz0(x, v)

]

exp(−inKxx + iβn0p(x, v)), (46)

and

ϕ(x, v) =

{[

1 − i
γ2

βn,0
p(x, v)

][

iαψx0(x, v) +
∂ψx0(x, v)

∂x

]

+ γ

[

2i − (k2 − γ2)
βn0

p(x, v)
]

ψz0(x, v)

}

× exp(−inKxx + iβn0p(x, v)).

(47)
Bearing in mind that 1

2π

∫ 2π
0 F(x, v) exp(−imv)dv represents the

Fourier coefficient in the mth order of F(x, v) , the summation from
m = −∞ to m = +∞ of the Fourier series whose coefficients are
given by the left hand member of equations (40) and (44) enables one
to write:

1
dx

∫ dx

0

[

η(x, v) + Kzζ(x, v) + Kz
∂ϑ(x, v)

∂v

]

dx

= −2i[(k2 − γ2)Ax,00 + αγAz,00] δn,0,

(48)

and

1
dx

∫ dx

0

[

χ(x, v) + Kzξ(x, v) + Kz
∂ϕ(x, v)

∂v

]

dx = −2ik2βAz,00 δn,0.

(49)
Then replacing η(x, v) , ζ(x, v) , ϑ(x, v) , χ(x, v) , ξ(x, v) and
ϕ(x, v) by their expressions in (48) and (49), the 0th order in Kz

yields :

1
dx

∫ dx

0

[

βn0 + αn
∂p(x, v)

∂x

]

ψx0(x, v) exp(−inKxx + iβn0p(x, v)) dx

= −2i[(k2 − γ2)Ax,00 + αγAz,00] δn,0,
(50)
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and

1
dx

∫ dx

0

[

−αγψx0(x, v) + iγ
∂ψx0(x, v)

∂x
+ (k2 − γ2)ψz0(x, v)

]

× exp(−inKxx + iβn0p(x, v))dx = −2ik2βAz,00 δn,0.

(51)

It is worth noting that for fixed v , these equations are nothing else than
equations verified, in the Waterman theory, by a 1D diffraction grating
whose profile is described by y = p(x, v) , illuminated by the incident
field Ei given by (3), as it can be easily verified by comparing (50) and
(51) to (33) and (34). Here, v is considered as a simple parameter.

The 1th order in Kz yields :

1
dx

∫ dx

0

[

βn0 + αn
∂p(x, v)

∂x

]

ψx1(x, v) exp(−inKxx + iβn0p(x, v)) dx =

− d

dv

{
1
dx

∫ dx

0

γ

βn0

[

i − (βn0 + αn
∂p(x, v)

∂x
)p(x, v)

]

× ψx0(x, v) exp(−inKxx + iβn0p(x, v))dx

}

− 1
dx

∫ dx

0
αn

∂p(x, v)
∂v

ψz0(x, v) exp(−inKxx + iβn0p(x, v))dx,

(52)

1
dx

∫ dx

0

[
−αγψx1(x, v) + iγ

∂ψx1(x, v)
∂x

+ (k2 − γ2)ψz1(x, v)
]
exp(−inKxx + iβn0p(x, v))dx =

− d

dv

{
1
dx

∫ dx

0

[(
1 − i

γ2

βn0
p(x, v)

)(
iαψx0(x, v) +

∂ψx0(x, v)
∂x

)]

× exp(−inKxx + iβn0p(x, v))dx

}

− d

dv

{
1
dx

∫ dx

0
γ

[

2i − (k2 − γ2)
βn0

p(x, v)
]

ψz0(x, v)

× exp(−inKxx + iβn0p(x, v))dx

}
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− 1
dx

∫ dx

0
γβn0

∂p(x, v)
∂v

ψz0(x, v) exp(−inKxx + iβn0p(x, v))dx.

(53)

It is very important to notice that equations (52) and (53) are, in
the Waterman theory, the equations verified, for fixed v , by a 1D
diffraction grating (y = p(x, v)) , with incident field Êi(v) defined by
a sum of plane waves :

Êi(v) =
∑

n

Ân0(v) exp(iαnx − iβn0y − iγv/Kz), (54)

where

Âx,n0(v) =
1

2i(k2 − γ2)

{
d

dv

[
1
dx

∫ dx

0

γ

βn0

[
i − (βn0 + αn

∂p(x, v)
∂x

)p(x, v)
]

× ψx0(x, v) exp(−inKxx + iβn0p(x, v))dx

]

+
1
dx

∫ dx

0
αn

∂p(x, v)
∂v

ψz0(x, v) exp(−inKxx + iβn0p(x, v))dx

}

,

(55)
and

Âz,n0(v) =
1

2ik2βn0

{
d

dv

[
1
dx

∫ dx

0

(
1 − i

γ2

βn0
p(x, v)

)

×
(
iαψx0(x, v) +

∂ψx0(x, v)
∂x

)
exp(−inKxx + iβn0p(x, v))dx

]

+
d

dv

[
1
dx

∫ dx

0
γ
(
2i − (k2 − γ2)

βn0
p(x, v)

)

× ψz0(x, v) exp(−inKxx + iβn0p(x, v))dx

]

+
1
dx

∫ dx

0
γβn0

∂p(x, v)
∂v

ψz0(x, v) exp(−inKxx + iβn0p(x, v))dx

}

.

(56)
In conclusion, the A.E.M. reduces a problem of scattering by a nearly
2D object to the solution of several 2D problems (depending on the
parameter v , thus on the value of z ) which can be solved by rigor-
ous methods for 1D gratings. It is fundamental to notice that these



Axis expansion method for 2-D objects 125

problems can be solved by using arbitrary rigorous methods for 1D
gratings, like the integral method [11] and not necessary by using the
Waterman method.

In other words, the Waterman method has been used in order to
show that, at the first order in Kz , the problem of scattering by a
nearly 2D grating reduces to the solution of several 2D problems with
an incident wave that depends on z . Now, the Waterman method is
no more necessary for the solution of these 2D problems.

4. NUMERICAL RESULTS

In this section, the profile of the 2D grating is given by :

y =
Hx

2
cos(Kxx) +

Hz

2
cos(Kzz) (57)

with Kz >> Kx (see Fig. 1).
In order to check the validity of the A.E.M., we have compared

the values of Φ(x, z) , obtained from this method, to those given by
the regularized Waterman method for 2D gratings [10,12]. The relative
error on the surface current density is defined by the ratio of the norms
in L2 of the functions δΦ(x, z) = Φ̃(x, z) − Φ(x, z) and Φ(x, z) :

ρ =
‖Φ̃ − Φ‖

‖Φ‖ . (58)

Φ̃ and Φ are the surface current densities given by the A.E.M and
the regularized Waterman method, respectively.

Figure 4(a) shows the error on the surface current density given by
the A.E.M. for several values of Hx/dx and Hz/dz . For small val-
ues of Hx/dx ( Hx/dx < 0.06 ), if a precision of the order of 1% is
required, the method can deal with gratings with Hz/dz > Hx/dx .
Then, for greater values of Hx/dx , the error on the surface current
density increases. For Hx/dx > 0.25 , the error on the surface cur-
rent density remains lower than 1% for Hz/dz < 0.025 , but rapidly
increases if Hz/dz is greater. For comparison, Figure 4(b) shows the
error on the surface current density given by the section method. With-
out any doubt, the A.E.M. is much better than the section method,
whatever Hx/dx may be. If a precision of 1% is required, the section
method cannot deal with gratings such that Hz/dz > 0.011 , for small
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values of Hx/dx (instead of Hz/dz > 0.12 for the A.E.M.). With
the same precision, the section method cannot deal with gratings with
Hz/dz > 0.005 for large values of Hx/dx (instead of Hz/dz > 0.025
for the new method). It is important to notice that the error in the
section method increases linearly with Hz/dz whilst it explodes above
a given value in the A.E.M., as the convergence of an entire series.

In order to study the influence of the period dz on the relative error
ρ on the surface current density given by the A.E.M., we have shown,
in Figure 5, this relative error ρ for different values of the period dz ,
with a given value of the ratio Hx/dx .

By comparing Figures 6(a) and 6(b) we can observe the remarkable
similarity between the two figures for Hx/dx < 0.15 . This fact shows
that the A.E.M. behaves like the classical Kirchhoff method for small
values of Hx/dx . On the other hand, the A.E.M. can deal with large
ratios Hx/dx while the classical Kirchhoff method cannot be used as
soon as Hx/dx > 0.15 . On these figures, we have drawn the approxi-
mate limit of the single scattering (white curves). This limit between
single scattering and multi scattering is obtained by considering the
geometrical reflexion of incident rays on the grating surface, the region
of single scattering covering the domain where the reflected rays do
not intersect the grating surface.

Figure 6(b) shows that the multi-scattering phenomenon is the rea-
son for the decrease of the precision given by the Kirchhoff method
when the ratios Hz/dz and Hx/dx increase, which is not the case for
the A.E.M.

In conclusion, we have shown that the A.E.M. combines the ro-
bustness of a rigorous method (for modulation along the x axis) with
simplicity of the Kirchhoff approximation (for modulation along the z
axis).

Figure 5(a) represents the case Hx = 0 , when the A.E.M. reduces
to the classical Kirchhoff approximation for a 1D grating periodic along
the z axis. We can see the rapid decrease of the error as dz is in-
creased. Figures 5(b) and 5(c) show that the same behaviour of the
error is observed for 2D gratings, although the increase of the value
of Hx/dx damages the precision of the results. These results are not
surprising since it is well known that the Kirchhoff approximation may
fail in the resonance domain. Moreover, they show that the behaviour
of the A.E.M. is similar to that of the classical Kirchhoff approximation
for 1D gratings.
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Figure 4. Relative error on the surface current density : (a) with
the A.E.M., (b) with the section method. The grating parameters are
dx = 1µm and dz = 10µm , the wavelength λ = 0.6328µm , the angles
of incidence are θ = 300 and φ = 00 , and the angle of polarization is
δ = 450 .
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Figure 5. Relative error on the surface current density. The grating
parameters are: dx = 1µm , λ = 0.6328µm , θ = 300 , φ = 00 ,
δ = 450 , and (a) Hx = 0 , (b) Hx = 0.15µm , (c) Hx = 0.3µm .
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Figure 6. Relative error on the energy balance criterion : (a) with
the A.E.M., (b) with the classical Kirchhoff method. The parameters
are dx = 1µm , dz = 5µm , λ = 0.6328µm , θ = 00 φ = 900 , and
δ = 450 . The white curve represents the limit of multi scattering in
the conditions of incidence.
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Furthermore, we have compared the A.E.M. with the classical Kirch-
hoff method, for 2D gratings, by implementing the energy balance cri-
terion. We have been led to use this criterion since the regularized
Waterman method is unable to treat some of the gratings considered
in this study. Figure 6 shows the error on the energy balance criterion
for these two methods given by:

ρ′ =| 1 −
∑

n∈U

∑

m∈U

enm | . (58)

5. CONCLUSION

In order to study the diffraction by nearly 2D objects, we have de-
veloped, for diffraction gratings, a new approximate theory of electro-
magnetic scattering that is able to solve with precision the problem of
scattering from this kind of object, and to give accurate results with-
out using 3D rigorous theories. The basic idea of the A.E.M. is to take
into account the slight variation of section of the diffracting object
along a privileged axis and to generalize the Kirchhoff approximation
to nearly 2D objects. One of the main advantages of this theory lies
in its simplicity. It only needs codes devoted to 2D objects.

We have shown that the A.E.M. can provide precise results in a
region in which the classical Kirchhoff approximation for 2D surfaces
cannot be used. It could be an interesting tool for the theoretical and
numerical study of scattering from gratings with slight variations of
profile in the direction of the grooves.

Finally, it can be conjectured that the A.E.M. should be used for
other kinds of diffracting objects, in Electromagnetics and in Optics,
for instance for non-periodic surfaces or bounded objects such as plane
wings or helicopter blades. We are presently working in these direc-
tions.

REFERENCES

1. Yablonovitch, E., “Photonic crystals,” J. of Mod. Opt., Vol. 41,
No. 2, 173–194, 1994.

2. Beckmann, P. and A. Spizzichino, The Scattering of Electromag-
netic Waves from Rough Surfaces, Pergamon, New York, 1963.

3. Beckmann, P., “Scattering of light by rough surfaces” in Progress
in Optics VI, E. Wolf, North-Holland, Amserdam, 1967.



Axis expansion method for 2-D objects 131

4. Maystre, D., O. Mata Mendez, and A. Roger, “A new electro-
magnetic theory for scattering from shallow rough surfaces,” Opt.
Acta., Vol. 30, 1707–1723, 1983.

5. Waterman, P. C., “Scattering by periodic surfaces,” J. Acoust.
Soc. Amer., Vol. 57, 791–802, 1975.

6. Rayleigh, L., “On the dynamical theory of gratings,” Proc. Roy.
Soc. (London), Vol. A79, 399–415, 1907.

7. Rayleigh, L., The Theory of Sound, Vol. 2, Dover, New York,
1945.

8. Maystre, D., Rigorous Vector Theories of Diffraction Gratings,
E. Wolf Elsevier Science Publishers B.V., Amsterdam, 1984.

9. Cadilhac, M., “Some mathematical aspects of the grating theory”
in Electromagnetic Theory of Gratings, R. Petit Springer Verlag,
Berlin, 1980.

10. Bagieu, M. and D. Maystre, “Regularized Waterman and Raleigh
methods: extension to two-dimensional grations,” J. Opt. Soc.
Am. A., Vol. 16, 284–292, 1999.

11. Maystre, D., “Integrals methods,” in Electromagnetic Theory of
Gratings, R. Petit Springer Verlag, Berlin, 1980.

12. Bagieu, M. and D. Maystre, “Waterman and Rayleigh methods
for diffraction problems: extension of the convergence domain,”
J. Opt. Soc. Amer. A. Vol. 15, 1566–1576, 1998.


