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1. INTRODUCTION

Recently, the investigation of extremely-low-frequency (ELF) magnetic
field has drawn a lot of researchers’ attention. The magnetic field of
overhead power transmission lines has been studied extensively and
summarized in [1] and [2]. It is also of interest to study the ELF mag-
netic field produced by underground pipe-type cables, which are widely
used in urban areas for power transmission. In this area, the earlier
work was published by Wait and Hill in 1977 [3]. They developed a
computational model to predict the electromagnetic field shielding ef-
fect of a metal casing enclosing two-dimensional sources. But in their
computational model, a constant permeability was assumed for the
metal casing. To study the effect of a steel pipe enclosing sources, the
other researchers have developed an iterative procedure to handle the
nonlinearity of the steel pipe and to determine the relative permeabil-
ity, which varies from point to point in the pipe. Then, knowledge of
the relative permeability of the steel pipe was used in a finite-element-
method solution procedure to determine the power losses, the fields
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and forces in a pipe-type cable [4, 5]. Most recently, numerical tech-
niques based on Fourier series expansion [6] and unimoment method
[7, 8] have been developed for investigating the magnetic field of buried
pipe-type cables. The numerical technique presented in [6] is developed
under the assumption that the permeability of the steel pipe varies in
the radial direction only.

In this paper, we present a two-step numerical solution technique for
determining the magnetic field generated by ELF sources enclosed by
a steep pipe. In the first step, finite-element method [9–11] is employed
to compute the potentials and fields everywhere in the region enclosed
by the pipe. In particular, the electric and magnetic fields on the outer
surface of the steel pipe are determined. Then, in the second step, we
employ the equivalence principle [12] to formulate a model equivalent
to the region exterior to the pipe. In the equivalent model, the equiv-
alent surface currents can be obtained directly from knowledge of the
fields on the outer surface of the pipe. Using the equivalent surface cur-
rents, the magnetic field outside the pipe is computed. This method
has its advantages comparing to the numerical methods presented in
[6–8]. This method is more accurate than that developed in [6], since
it can determine the permeability varying from point to point in the
steel pipe, while in [6], the permeability is assumed to be a constant
in each layer of the steel pipe, which is just an approximation. Also,
this method is simpler than the unimoment method presented in [7,
8]. In the first step, a straightforward finite-element-method solution
procedure is employed to solve the differential equations subject to a
properly set homogeneous Dirichlet boundary condition. Then, in the
second step, no more computation is needed for determining the equiv-
alent currents. since they are simply equal to the corresponding field
components obtained in the first step. As an example of applications of
the two-step numerical technique, this technique is employed to deter-
mine the magnetic field produced by an underground pipe-type cable.
To validate the proposed numerical technique, the computed results
are compared with existing measurement data.

2. FINITE ELEMENT METHOD SOLUTION

In Fig. 1 is depicted a cross sectional view of an underground cable, in
which the three-phase conductors are placed within a fluid-filled steel
pipe enclosure. The electromagnetic properties of the fluid, the phase
conductors, the shields, the pipe, and the earth are characterized by
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(µ0, ε0), (µc, σc), (µs, σs), (µp, σp) , and (µe, σe) , respectively, where
µ is the permeability, ε is the permittivity, and σ is the conductivity
of the material. A z-directed phase current Ii (i = a, b, c) flows in the
phase conductors. The currents result in a z-directed magnetic vector
potential Az everywhere, which must satisfy the following differential
equations,
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in the steel pipe,

∂

∂x

(
1
µ0

∂Az

∂x

)
+

∂

∂y

(
1
µ0

∂Az

∂y

)
− jωσsAz = −Js

sz, (4)

in the phase-conductor shields, and
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in the earth. In equations (1)–(5), Js
iz Js

pz and Js
sz are the source

current densities in the ith conductor (i = a, b, c) , in the pipe, and in
the shields, respectively.

To solve the differential equations (1)–(5), a finite-element mesh
structure is formulated for the pipe-type cable and its vicinity. It is
truncated at ρ = R1 > C1 , where C1 is the radius of the outer surface
of the steel pipe. R1 is the radius of a circular surface, determined
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Figure 1. Cross-section of an underground three-phase pipe-type
cable.

by numerical tests [11, 16], on which the magnetic vector potential is
approximately constant. A homogeneous Dirichlet boundary condition
[11, 13–15],

Az = 0, (6)

is set at ρ = R1 . Then, the finite element method is employed to
solve the differential equations (1)–(5), subject to the homogeneous
Dirichlet boundary condition given in (6). In the solution procedure,
special attention is paid to the nonlinear B-H characteristic of the
steel pipe, and an iterative procedure [4, 5, 11] is employed to deter-
mine the permeability µp varying in the steel pipe. The details of the
finite-element-method solution of Az are presented in [11], hence not
repeated here. Based on knowledge of the magnetic vector potential
Az the electric field intensity Ez and the magnetic field intensity Hφ
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on the outer surface of the steel pipe (ρ = C1) can be computed. The
magnitude and phase of Ez and Hφ at ρ = C1 , computed for the
phase current Ii = 600A , are shown in Figs. 2 and 3. One observes
that the magnitudes of Ez and Hφ are symmetric about the y-axis
(φ = 90◦ and φ = 270◦) , and their phases change signs across the
y-axis, as expected.

3. FORMULATION OF EQUIVALENCE
COMPUTATIONAL MODEL

Employing the equivalence principle [12], a computational model equiv-
alent to the region exterior to the pipe-type cable is formulated and
depicted in Fig. 4. The equivalent electric surface current �Js and the
equivalent magnetic surface current �Ks can be obtained by

�Js = n̂ × �H,

or
Jsz = Hφ, at ρ = C1, (7a)

and
�Ks = �E × n̂

or
Ksφ = Ez, at ρ = C1. (7b)

Since Ez and Hφ at ρ = C1 are the finite-element-method solutions
already obtained in the previous section, no further computation is
needed for determining the equivalent surface currents �Js and �Ks .
Then, based on knowledge of the equivalent surface currents, the mag-
netic field at a point (x, y) of interest, produced by the pipe-type cable
can be calculated by

�H = [Hx(Jsz) + Hx(Ksφ)] x̂ + [Hy(Jsz) + Hy(Ksφ)] ŷ, (8)

where
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Figure 2. Finite-element-method solution of the electric field intensity
Ez , in magnitude and phase, on the outer surface of the steel pipe,
computed for the phase current Ii = 600A.

Figure 3. Finite-element-method solution of the magnetic field inten-
sity Hφ , in magnitude and phase, on the outer surface of the steel
pipe, computed for the phase current Ii = 600A.
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Figure 4. Computational model equivalent to the region external to
the pipe-type cable.

at ELF and
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In equations (9c) and (9d), the Green’s function Ge(�ρ,�ρ′) is defined
by
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in which H0(·) is the zero-order Hankel function of the second kind
and ke is the wave number of the Earth. At ELF, the Green’s function
reduces to

Ge(�ρ,�ρ′) = − j
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[
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π
ln
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2

)]
, (10′)

in which γ = 1.781.

4. RESULTS AND DISCUSSIONS

The two-step numerical technique presented in this paper can be em-
ployed for determining the magnetic field produced by sources in arbi-
trary configuration enclosed by a ferromagnetic pipe. In this section,
however, we only present the numerical results, as an example, of the
magnetic field in the vicinity of an underground three-phase pipe-type
cable. The pipe-type cable investigated has three phase conductors
placed within a 10′′ steel pipe (C1 = 0.136 m, C2 = 0.130 m) in cradle
configuration. The B-H curve of the steel pipe is shown in [6]. To val-
idate the numerical technique presented, its results are compared with
the existing measurement data, as well as the Fourier series method
results [6].

In Figs. 5(a) and 5(b) are shown comparisons of the numerical re-
sults of the two-step numerical technique (TSNT) presented in this
paper and that of the Fourier series method (FSM), as well as the
measurement data of the magnetic flux density distribution along a
horizontal line at different height h = 0.5 m and h = 1.04 m above
the pipe-type cable. The pipe-type cable carries a balanced current of
600 A. The comparisons show that the numerical results of the two-
step numerical technique agree with the measurement data. Moreover,
one observes that the two-step numerical technique results agree with
the measurement data better than the Fourier series method [6] results
do, as one would expect. This is because that the numerical technique
presented in this paper can more accurately model the nonlinear char-
acteristic of the steel pipe, in the sense that it can determine the perme-
ability varying from point to point in the steel pipe. But the Fourier
series technique presented in [6] assumes a constant permeability in
each layer of the steel pipe, which is just an approximation. Similar
comparisons are depicted in Figs. 6(a) and 6(b) for the pipe-type cable
carrying a balance current of 900 A. From these comparisons, the same
observation can be made as that made from Figs. 5(a) and 5(b).
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(a) h = 0.5 m

(b) h = 1.4 m

Figure 5. Comparison of Numerical Results of the Two-Step Numer-
ical Technique (TSNT) and that of Fourier Series Method (FSM), as
well as the Measurement Data of Magnetic Flux Density Distribution
along a Horizontal Line at Different Height above the Pipe-Type Cable,
for I = 600 A.
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(a) h = 0.5 m

(b) h = 1.4 m

Figure 6. Comparison of Numerical Results of the Two-Step Numer-
ical Technique (TSNT) and that of Fourier Series Method (FSM), as
well as the Measurement Data of Magnetic Flux Density Distribution
along a Horizontal Line at Different Height above the Pipe-Type Cable,
for I = 900 A.
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